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The latent space approach to complex networks has revealed fundamental principles and symmetries,
enabling geometric methods. However, the conditions under which network topology implies geometricity
remain unclear. We provide a mathematical proof and empirical evidence showing that multiscale self-
similarity in complex networks is a crucial factor of latent geometry. Using degree-thresholding
renormalization, we prove that a general class of ensembles of random scale-free networks in Riemannian
manifolds of constant curvature and of any dimension are self-similar when interactions are pairwise.
Hence, both nonvanishing local clustering in the thermodynamic limit and self-similarity are required to
imply geometricity. Our findings highlight that correlated links can lead to a finite clustering coefficient
without self-similarity, and therefore without inherent latent geometry. The implications are significant for
network mapping and ensemble equivalence between graphs and continuous spaces.
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Network geometry [1] has emerged as a key paradigm in
network science to model real-world networks at both local
and global scales. Moreover, it provides a robust frame-
work to conceptualize problems in physics related to
ensemble equivalence between graphs of discrete units
and emerging continuous space or spacetimes, including
approaches to quantum gravity [2] and the study of causal
sets [3–5]. In particular, the latent geometry approach [6]—
where nodes connect with a likelihood that decreases with
distance in a hidden metric space—explains essential
network features [7]. Notably, this approach has revealed
that real networks exhibit an effective hyperbolic geometry
[8,9], unifying the small-world property with hetero-
geneous degree distributions and high local clustering
under a single mechanism.
The key property that connects the geometry of a network

and its topology is the existence of triangles in the network
structure [10], as a reflection of the triangle inequality in the
metric space. This raises the intriguing question of whether
local clustering,measuring the likelihood that twoneighbors
of a node are also connected, implies geometricity. Previous
work [11] suggested that local clustering implies geometry
by showing that random graphs with homogeneous degrees
and local clustering are equivalent to random geometric
graphs. However, this holds only under certain conditions.
Furthermore, using triangle counts to detect geometry has
clear limitations, as manifested by network models without

inherent geometry, such as the configuration model, which
can still contain many triangles. This led to the development
of a weighting scheme designed to determine reliably
whether local clustering is induced by hyperbolic spaces
and persists in the thermodynamic limit, which requires
system size scaling [12].
In this work, we unveil the crucial role of network

symmetries to elucidate the conditions under which net-
work topology implies geometricity. By geometricity, we
mean networks that emerge from ensembles of random
geometric graphs in Riemannian manifolds of any dimen-
sion and with constant curvature, where nodes, in addition
to having intrinsic attributes, are assigned positions in a
latent metric space. Independent pairwise links are formed
with probabilities depending on both the intrinsic node
attributes and distance, while ensuring local separability
(LS). By LS, we mean that the expected degree of a node is
only a function of its intrinsic attribute. This definition
captures a broad class of random geometric graph models
under minimal assumptions.
To reveal the fundamental symmetry of a given network,

we used the degree-thresholding renormalization (DTR)
method [13]. This method generates a nested hierarchy of
subgraphs by progressively filtering out nodes with degree
below a threshold. Multiscale self-similarity appears when,
in the thermodynamic limit, such subgraphs and the
original network belong to the same statistical ensemble.
DTR self-similarity has been observed in many real-world
networks and has been explained by the renormalizability
of the geometric S1 model [13]. Self-similarity of complex
networks has also been explored from other perspectives
[14–18].
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Below, we prove that any undirected geometric random
graph in a Riemannian manifold of any dimension and with
arbitrary constant curvature is self-similar under DTR,
provided nodes have a power-law degree distribution
and pairwise interactions that satisfy LS. Therefore, non-
self-similar networks cannot be geometric in the sense
defined here. We found that some models with finite local
clustering are non-self-similar under DTR, thus nongeo-
metric. Hence, while geometricity always implies local
clustering and self-similarity, the reverse is not true;
however, the absence of local clustering or self-similarity
implies nongeometricity (see Fig. 1). Moreover, the DTR
self-similarity of real networks can be quantified and,
together with local clustering, used to indicate their
potential geometricity. Thus, local clustering (hereafter
referred to in this Letter as clustering), geometry, and
self-similarity interplay in a nontrivial way in complex
networks.
We start our proof by considering the thermodynamic

limit of a homogeneous Poisson point process (PPP) with
density δ in a Euclidean space of dimension d defining the
positions of nodes with intrinsic attributes. The same is
obtained for hyperbolic and spherical manifolds; the proofs
for negative and positive curvature are in the End Matter
Appendixes A and B, respectively. Note that the proof for
spherical manifolds applies, in particular, to the Sd geo-
metric network model [13] and, thus, to its isomorphic
purely geometric hyperbolic formulation the Hdþ1 model
[19,20], where nodes without intrinsic attributes are dis-
tributed within a finite disk in the (dþ 1)-dimensional
hyperbolic space. In contrast, the proof for hyperbolic
manifolds in End Matter Appendix A refers to a new model
where nodes with intrinsic attributes are distributed homo-
geneously over the entire d-dimensional hyperbolic space.
The three schemes correspond to families of models that
generate networks that are simultaneously sparse, highly
clustered, and self-similar, and exhibit arbitrary degree
distributions, but differ in the curvature of the under-
lying space.
The latent space conceptualizes a similarity space, in

which closeness reflects how similar nodes are and deter-
mines their likelihood to form connections. Furthermore,
we assume each node has a popularity attribute, indepen-
dent of its position in space, ultimately accounting for its

number of neighbors in the network. We represent popular-
ity by a hidden variable h (a positive real number),
distributed as ρðhÞ. Suppose now that interactions are
pairwise, such that the connection probability between a
pair of nodes i and j with hidden variables hi and hj and
separated by a distance xij takes the form

pij ¼ f

�
xij
hihj

�
: ð1Þ

We do not impose any particular form to the function fð·Þ
other than being integrable in Rd, that is,R
∞
0 td−1fðtÞdt < ∞. As we show below, this implies that
the model generates sparse networks without the need to
introduce a size dependence on the connection probability
[21]. Since clustering is defined as the probability that two
nodes that share a common neighbor are connected, it is a
function of pij and must be finite in the thermodynamic
limit. This defines our ensemble of random geometric
graphs G.
In this setting, the expected degree of node i is simply

given by k̄ðhiÞ ¼
P

j≠i pij. However, since the space is
homogeneous and isotropic, and the hidden variable h is
independent of space, we can place node i at the origin of
coordinates so that xij becomes the radial distance between
the nodes in spherical coordinates. Then, taking the
continuum limit,

k̄ðhiÞ ¼ Sd−1δ
Z

dhjρðhjÞ
Z

dxijxd−1ij f

�
xij
hihj

�
; ð2Þ

where we have already integrated the angular part and Sd−1
is the volume of the (d − 1)-dimensional unit sphere. The
change of variables t ¼ ðxij=hihjÞ leads to
k̄ðhiÞ ¼ δIdhhdihdi , where Id ≡ Sd−1

R∞
0 fðtÞtd−1dt, so that

the expected average degree of the network is

hki ¼ δIdhhdi2: ð3Þ

As long as the integral Id is bounded, the average degree is
constant and so the network is sparse. Notice that the
particular form of the argument of the connection proba-
bility in Eq. (1) [and similarly in Eqs. (A3) and (B5)]
ensures that the model satisfies LS. Hereafter, we constrain
the distribution of hidden variables h to be power law with

ρðhÞ ¼ ðγ̃ − 1Þhðγ̃−1Þ0 h−γ̃, h ≥ h0, and γ̃ > dþ 1.
We are now interested in the properties of subgraphs

obtained after applying the DTR procedure to networks
generated by the ensemble G. Given a graph G∈G and its
hidden variables, we obtain a subgraph GT by removing all
nodes with hidden variable h0 ≤ h ≤ hT from G, defining
the ensemble GT . Since we are truncating a power-law
distribution from below, the hidden variables of nodes in
GT are also power-law distributed with the same exponent γ̃

FIG. 1. Logic relationships between geometricity, clustering,
and self-similarity for geometric random graphs in Riemannian
manifolds of any dimension and with arbitrary constant curva-
ture.
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but starting at hT instead of h0. Besides, since the popular-
ity dimension encoded in the hidden variable h is uncorre-
lated with the position in the metric space, the original PPP
in G defines a homogeneous PPP in GT but at density δT.
Thus, the ensemble GT is the same as G in the thermody-
namic limit, with the only difference that the density δT of
the PPP and the average hhdiT are rescaled. Hence,
ensemble G is statistically invariant under DTR and con-
tains an infinite hierarchy of nested subgraphs belonging to
the same ensemble. The only relevant observable is the
average degree, which may change in the DTR flow. Its
renormalized value is obtained from Eq. (3), and reads

hkiT ¼ hki
�
δ

δT

�3−γ
γ−1
; ð4Þ

where we have used

δT ¼ δ

�
h0
hT

�ðγ̃−1Þ
; hhdiT ¼ hhdi

�
hT
h0

�
d
; ð5Þ

and the definition of the expected degree of node i, which is
proportional to hd as κi ≡ hkihdi =hhdi. This gives
hκi ¼ hki, and κ power-law distributed with an exponent
γ ¼ 1þ ðγ̃ − 1Þ=d. Since κ is a monotonically increasing
function of h, thresholding by hT is equivalent to thresh-
olding by κT. Note that the expression for δT in Eq. (5)
comes from integrating the power-law degree distribution
in the range ðhT;∞Þ, combined with the definition of
density [22].
Hence, we have demonstrated that a random geometric

graph with pairwise interactions and a power-law degree
distribution defined in a Euclidean metric space of any
dimension is necessarily self-similar under DTR and the
only property that may change in the flow is the average
degree. Therefore, if a network does not exhibit self-
similarity across the DTR hierarchy of subgraphs, it cannot
be geometric in the sense stated above.
Besides, from Eq. (4) we can analyze the DTR flow of

the average degree as a function of the relative size of GT
with respect to the size of G. Note that it is independent of
the dimension. For scale-free networks with 2 < γ < 3, the
average degree of subgraphs GT grows as one goes deeper
into the hierarchy of subgraphs, while for γ ¼ 3 it remains
stable, and for γ > 3 it decreases. Although other geometric
models, such as growing spatial preferential attachment
models [23,24], are self-similar under node birth time (i.e.,
selecting subgraphs of older nodes; since age and degree
are directly related in these models, this is equivalent to
DTR) their subgraphs have a constant average degree,
which conflicts with empirical observations showing an
increasing trend in the subgraphs flow (Fig. S1 of Sec. I in
Supplemental Material [25]). In contrast, our general class
of random geometric graphs for heterogeneous networks
reproduces the empirical observations.

In what follows, we analyzed numerically the DTR self-
similarity of various network models with different cluster-
ing profiles to understand their geometricity. The models
considered are the configuration model (CM) [48,49], the
geometric soft configuration model or S1 model [13] (to
which the analytical proof above readily applies), the
clique-based (CB) model [50], and two versions of the
maximal randomization (MR) model [51], named MR-ck
and MR-c̄, applied to a seed network with a given degree
distribution. The CM generates graphs with a fixed degree
distribution and no clustering in the thermodynamic limit.
The other models also have a fixed degree distribution but
produce graphs with finite clustering in the thermodynamic
limit. The S1 model maximizes entropy while maintaining
a given degree distribution and finite clustering, controlled
through parameter β [52], which vanishes slowly for β ≤ 1
and remains constant and increasing with β for β > 1 [53].
The CB model achieves clustering by producing disjoint
cliques connected by extra links among those cliques. The
MR-ck and the MR-c̄ tune the clustering spectrum and
average clustering coefficient, respectively, by rewiring
network connections to achieve target clustering levels.
The CM and S1 model are pairwise models where links are
formed following independent Bernoulli trials, while the
CB, MR-ck, and MR-c̄ models are not. See Table I and
Sec. II in Supplemental Material [25] for more details on
the models.
We generated synthetic networks with the described

models and studied the change of the structural properties
along the DTR flow of subgraphs (see Fig. 2). The same
degree distribution was used across models so that, for
consistency, the threshold values kT could be set to
predefined levels, f2; 5; 10; 20; 50g. For each subgraph,
we measured the degree distribution, the average nearest-
neighbors degree, and the local clustering coefficient as
functions of the degrees rescaled by the average degree of
the corresponding subgraph kres ≡ k=h kðkTÞi. Multiscale
self-similarity is denoted by overlapping curves for the
different subgraphs in the DTR flow, while spread curves
denote scale-dependent behavior.
In Fig. 2(a), the flow of the clustering spectrum (local

clustering coefficient averaged over nodes with equal
degree) is shown for each model. The S1 model and
CM display self-similarity, both MR models are clearly

TABLE I. Properties of network models. Here, the S1 model
refers to its geometric region β > 1.

Model Pairwise Clustering Self-similar Geometric

S1 Yes Yes Yes Yes
CB No Yes No No
MR − ck No Yes No No
MR − c̄ No Yes No No
CM Yes No Yes No
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non-self-similar, and the CB model shows an intermediate
behavior. According to our proof, the lack of self-similarity
of MR-ck and MR-c̄ models implies that they lack a latent
geometry in the terms assumed in our framework, even if
they generate high clustering. Interestingly, the peculiar
behavior of MR-c̄ is indicative of a core-periphery structure
and double-percolation phenomena explored in [54]. An
extended report of the flow of the topological properties of
synthetic networks with additional values for the param-
eters β and γ are in Figs. S2–S7 of Sec. III in Supplemental
Material [25].
To assess quantitatively the level of self-similarity we

employed the ϵ2 metric, a collapse-quality metric computed
by averaging the squared relative differences between the
curves of the original network and the ones in the
corresponding subgraphs, in the range of rescaled degrees
common to both. For more details, see the algorithm of
Sec. IV in Supplemental Material [25]. The metric was
calculated for each of the three topological properties
analyzed in this Letter, and the maximum ϵ2Max ¼
Maxðϵ2CCD; ϵ2knn; ϵ2c̄Þ was used as a measure of self-
similarity.
Results are shown in Fig. 2(b), where we plot the ϵ2 of

each network against its average clustering coefficient (see
also Fig. S8 in Supplemental Material [25]). By definition,
ϵ2 is a discriminative indicator for assessing the level of
network self-similarity. As expected, the S1 model exhibits
very small ϵ2. The CM has a similar ϵ2 value, and thus self-
similarity level, but a low clustering coefficient from finite-
size effects. The CB and MR-ck models show appreciably
higher values of ϵ2. However, as clustering increases, ϵ2c̄
tends to increase for the CB model and decrease for the
MR-ck model. Finally, the MR-c̄model shows very high ϵ2

values, incompatible with self-similarity. Our conclusions

about the self-similarity and geometricity of the models are
summarized in Table I.
We also analyzed real-world networks using the same

methodology. Their description and structural properties
are reported in Sec. VI and Table SI in Supplemental
Material [25]. Because of finite-size effects and varying
degree distributions, values for kT were chosen in ½2; kmax

T �
for every network in enough number to ensure adequate
resolution, where the maximum kmax

T was determined by
the maximum value of the average degree in the DTR flow
(Fig. S1 in Supplemental Material [25]). In Fig. 3(a), we
display the DTR flow of the structural properties of two real
networks (see Sec. I in Supplemental Material [25] for the
rest). While the curves of Fb-Friends (top row) clearly
overlap, suggesting self-similarity of the renormalized
networks, PPI-rat (bottom row) displays more variation
across the different subgraphs. A scatter plot of all the real
networks in the ϵ2Max − c̄ space is shown in Fig. 3(b). In
general, highly clustered real networks display low values
of the collapse-quality metric, indicating a substantial level
of self-similarity, with more variability of self-similarity
profiles in the low clustering region.
For consistency, we calculated the parameter β of the real

networks to quantify the coupling between their topology
and the hyperbolic two-dimensional latent space of the S1

model. For the inference, we used an extended version of
the embedding tool Mercator [53], which adjusts the
coordinates of nodes in the latent space and infers the
parameters such that the observed topology of the network
is best reproduced by synthetic networks of the S1 model.
The measures (Table SI in Supplemental Material [25])
reveal a negative correlation between the value of β and
ϵ2Max, consistent with results in Fig. 3(b). Networks with
β > 1 (in the geometric regime of the S1 model) have low

(b)

(a)

FIG. 2. Geometricity of network models. (a) Clustering spectrum of DTR subgraphs, c̄ðkjkTÞ, rescaled by the average local clustering
coefficient of the corresponding subgraph as a function of rescaled degree for original networks with hki ¼ 10, N ¼ 50, 000. We used
β ¼ 1.5 and γ ¼ 2.5 for the S1 model and used the generated synthetic S1 networks as seeds for the other models. The insets illustrate
the average clustering coefficient as a function of kT . The shaded areas represent two-σ intervals around the mean, calculated from 10
realizations of each model. (b) Collapse-quality metrics of structural properties as a function of the average clustering coefficient of the
synthetic networks with γ ¼ 2.5 and β ¼ f1.5; 2; 3g.
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values of ϵ2Max and higher clustering. Yet, in the region
β < 1 (corresponding to the quasi-geometric and nongeo-
metric regimes of the model with vanishing clustering in
the thermodynamic limit) there are some networks with low
values of ϵ2Max and some with very high values.
In conclusion, we used DTR to elucidate the relation

between local clustering, geometry, and self-similarity. We
demonstrated that any geometric random graph in a
Riemannian manifold with constant (zero, positive, or
negative) curvature and of any dimension is self-similar
under DTR, when nodes have a power-law degree distri-
bution and the interactions are pairwise. Therefore, in this
framework non-self-similar networks cannot be geometric.
While geometricity always implies both local clustering
and self-similarity, neither alone nor together are sufficient
to imply geometricity.
We found that some network models with finite local

clustering are non-self-similar under DTR and must, there-
fore, be nongeometric. These findings seem to contradict
[11]. However, this contradiction is only apparent, high-
lighting that local clustering implies latent geometry only
when interactions are pairwise independent. Correlated
links can result in finite local clustering without inherent
latent geometricity. Moreover, the DTR self-similarity of
real networks can be quantified and, together with local
clustering, used to indicate their potential geometricity.
Our work clarifies the necessary conditions, particularly

multiscale self-similarity, under which ensemble equiva-
lence between graphs and continuous spaces holds. When

these conditions are satisfied, downstream tasks based on
network maps become meaningful and tractable. The
implications are broad and cross-disciplinary. A geometric
framework is natural for systems where connection like-
lihood depends on similarity and is common in real-world
networks ranging from social systems to critical infra-
structures. It also enables the adaptation of methodologies
from the study of continuous physical systems, as in
statistical physics, and strengthens the connection between
network science and fields where space is fundamental,
including quantum gravity and spacetime modeling, and
machine learning through graph embedding and manifold
learning. These applications require a reliable network
geometry framework that extends the combinatorial foun-
dations of network science by integrating geometric con-
cepts that capture similarity and hierarchy. Our results take
a step in this direction, helping establish the theoretical
basis for a solid geometric theory of complex networks.
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End Matter

Appendix A: Proof of the self-similarity of random
geometric graphs in hyperbolic geometry—Let us
consider the d-dimensional hyperbolic space with radius
of curvature R, Hd, where the square of the line element
is defined as

ds2 ¼ dx2 þ R2 sinh2
�
x
R

�
dΩ2

d−1; ðA1Þ

and dΩ2
d−1 is the squared line element of a (d − 1)-

sphere of unit radius. Thus, x∈ ð0;∞Þ is the hyperbolic
distance between a point at the origin of coordinates and
the set of points with fixed angular coordinates on the
(d − 1)-sphere. Therefore, the volume element is

dV ¼ Rd−1 sinhd−1
�
x
R

�
dxdΩd−1: ðA2Þ

We now define a Poisson point process on Hd at density
δ. This implies that the expected number of points
within the volume element is simply δdV. Using this
Poisson point process, we define a random geometric
graph in the following way. We identify each point as a
node in the graph and endow each node with a
hidden variable h drawn from the distribution ρðhÞ,
independently of the position of the node in Hd. Then, a
pair of nodes with hidden variables h and h0, separated
by the hyperbolic distance x, gets connected with
probability

p ¼ f

�
1

hh0

Z x
R

0

sinhd−1 zdz

�
; ðA3Þ

where 0 ≤ fð·Þ ≤ 1 is an arbitrary but integrable
function of its argument. Notice that the argument of
function f is a monotonically increasing function of the
hyperbolic distance. Thus, Eq. (A3) represents a general
class of heterogeneous random geometric graphs with
pairwise interactions in hyperbolic geometry.
Since Hd is a homogeneous and isotropic space, all

nodes in the graph are geometrically equivalent and are
only distinguished by their hidden variables h, so that there
exists an isometry that maps its similarity coordinate to the
origin. Let us, then, consider a node at the origin of
coordinates with hidden variable h and compute its
expected degree k̄ðhÞ as

k̄ðhÞ ¼ δRd−1Sd−1

Z
ρðh0Þdh0

Z
∞

0

sinhd−1
�
x
R

�

× f

�
1

hh0

Z x
R

0

sinhd−1z dz

�
dx; ðA4Þ

where Sd−1 is the volume of the (d − 1)-dimensional unit
sphere. By making the change of variables

t ¼ 1

hh0

Z x
R

0

sinhd−1 zdz; ðA5Þ

we obtain

k̄ðhÞ ¼ δRdSd−1Ihhih; with I ≡
Z

∞

0

fðtÞdt: ðA6Þ

We then see that the hidden variable h is proportional to the
expected degree of the node—thus, satisfying LS—so the
degree distribution is determined by the distribution ρðhÞ,
independently of the functional form of the connection
probability. The average degree is then

hki ¼ δRdSd−1Ihhi2: ðA7Þ

We are interested in scale-free networks. Thus, we choose h
to be power-law distributed as

ρðhÞ ¼ ðγ − 1Þhγ−10 h−γ; with h ≥ h0;

so that hhi ¼ ðγ − 1Þh0=ðγ − 2Þ.
Now, we apply the DTR transformation to the hidden

variable and decimate the network by removing all nodes
with hidden variables in the range h0 < h < hT . By doing
so, the remaining nodes are also power-law distributed, but
with hidden variables starting at hT instead of h0, so that
their average is

hhiT ¼ hT
h0

hhi: ðA8Þ

Furthermore, the relative size of the network after deci-
mation compared to the original network is simply given by

lim
N→∞

NT

N
¼ δT

δ
¼

�
h0
hT

�
γ−1

: ðA9Þ

Therefore, the subgraph obtained after decimation is a
Poisson point process on Hd at density δT and with hidden
variables power-law distributed with exponent γ and
average hhiT . The subgraph is then a realization of the
same ensemble as the original network, with the only
difference being that the average degree is given by

hkiT ¼ hki
�
N
NT

�3−γ
γ−1
; ðA10Þ

just as in the Euclidean case.

PHYSICAL REVIEW LETTERS 135, 197402 (2025)

197402-7



Appendix B: Proof of the self-similarity of random
geometric graphs in spherical geometry—We now turn
to geometries with constant positive curvature. Let us
consider the d-dimensional spherical space with radius
of curvature R, Sd, where the square of the line element
is

ds2 ¼ dx2 þ R2 sin2
�
x
R

�
dΩ2

d−1; ðB1Þ

and dΩ2
d−1 is the squared line element of a (d − 1)-

sphere of unit radius. Thus, x∈ ð0; πRÞ is the spherical
distance between the origin of coordinates and the set of
points with fixed angular coordinates on the (d − 1)-
sphere. Therefore, the volume element is

dV ¼ Rd−1 sind−1
�
x
R

�
dxdΩd−1: ðB2Þ

A key difference between spherical and hyperbolic
geometries is that the former are compact manifolds
with a finite volume given by

V tot ¼
2π

dþ1
2

Γ
�

dþ1
2

�Rd: ðB3Þ

Thus, if we define a Poisson point process on Sd at
density δ, the expected number of nodes in the graph is
given by

N ¼ 2π
dþ1
2

Γ
�
dþ1
2

� δRd: ðB4Þ

This means that, to take the thermodynamic limit, we
can either let R ≫ 1 while keeping δ constant or,
alternatively, keep R fixed and let δ ≫ 1 or, in fact, any
other combination that leads to δRd ≫ 1. As in the
hyperbolic case, we endow each node with a hidden
variable h drawn from the distribution ρðhÞ,
independently of the node’s position in Sd. Then, a pair
of nodes with hidden variables h and h0, separated by
the spherical distance x, are connected with probability

p ¼ f

�
δRd

hh0

Z x
R

0

sind−1z dz

�
; ðB5Þ

where fð·Þ is an arbitrary but integrable function. Notice
that, contrary to the hyperbolic case, we include an
explicit dependence in the connection probability on the
term δRd, which is proportional to the system size. This
choice is taken so that the model defines an ensemble of

sparse networks in the thermodynamic limit. Since
function fð·Þ is any integrable function of its argument,
Eq. (B5) represents the most general class of
heterogeneous random geometric sparse graphs with
pairwise interactions on Sd.
Since Sd is a homogeneous and isotropic space, all nodes

in the graph are geometrically equivalent and differ only by
their hidden variables h, so that there exists an isometry that
maps its similarity coordinate to the origin. Let us consider
a node at the origin with hidden variable h and compute its
expected degree k̄ðhÞ as

k̄ðhÞ ¼ δRd−1Sd−1

Z
ρðh0Þdh0

Z
πR

0

sind−1
�
x
R

�

× f

�
δRd

hh0

Z x
R

0

sind−1z dz

�
dx: ðB6Þ

By making the change of variables

t ¼ δRd

hh0

Z x
R

0

sind−1z dz; ðB7Þ

we obtain

k̄ðhÞ ¼ Sd−1h
Z

ρðh0Þh0Iðh; h0Þ; ðB8Þ

with

Iðh; h0Þ≡
Z αdδR

d

hh0

0

fðtÞdt; ðB9Þ

and αd ¼ ½ ffiffiffi
π

p
Γðd=2Þ=Γðdþ 1=2Þ�. In the limit of very

large networks, δRd ≫ 1, and so the integral Iðh; h0Þ
becomes a constant. Thus, in this limit we can write

k̄ðhÞ ≈ Sd−1hIhhi; with I ≡
Z

∞

0

fðtÞdt: ðB10Þ

Again, we see that h is simply proportional to the expected
degree—thus, satisfying LS—and hki ¼ Sd−1Ihhi2. As in
the hyperbolic case, we are interested in scale-free net-
works, so that we consider h > h0 to be power-law
distributed with exponent γ.
Now, we apply the DTR transformation to the hidden

variable and decimate the network by removing all nodes
with hidden variables in the range h0 < h < hT . By doing
so, the remaining nodes also follow a power-law distribu-
tion, but with hidden variables starting at hT instead of h0,
such that their average is given by Eq. (A8). Similarly, the
relation between the size and density of the subgraph and
the corresponding quantities of the original network is also
given by Eq. (A9). The connection probability between
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nodes in the subgraph remains the same as in the original
network, thus retaining its explicit dependence on δ.
However, the density of nodes in the subgraph is δT .
Therefore, the average degree in the subgraph is
given by

hkiT ¼ δT
δ
Sd−1Ihhi2T: ðB11Þ

Combining this result with Eqs. (A8) and (A9), we
obtain

hkiT ¼ hki
�
N
NT

�3−γ
γ−1
; ðB12Þ

which is, once again, the same as in the Euclidean case.
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