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I. COMMUNITY DETECTION

A. Inhomogeneous S' model

We tested the performance of Mercator to detect community structure with 4 synthetic networks generated with
the S! model. A community structure was induced in each of these networks by a nonuniform distribution of the
angular positions (), see Fig. and the hidden variables x were drawn from the probability density function

p(r) oc K727, (S1)

with the proportionality constant chosen such that (k) ~ (k) ~ 10. We used 8 = 3.2 and fixed p = %ik) sin 5. We
then isolated the largest connected component which yielded the 4 networks of approximately N = 1000 nodes used
in this section.

Once we obtained the inferred positions from Mercator, we applied two techniques to identify angular communities.
The first one is the geometric critical gap method developed in [5] and later in [6] in which two nodes, i and j, belong
to the same community if their angular separation, Af;;, is less than

27(In(N) + ~
Af. = 7[ (N) ] , (S2)
where IV is the number of nodes in the network and v ~ 0.57721 is the Euler-Mascheroni constant. The critical gap in
Eq. is the expected maximal angular separation between two consecutive nodes found in a uniform distribution
of N points in a circle, which is taken as a null model without communities. Thus, a group of nodes separated
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by two gaps larger than A6, correspond to a deviation from this null model, thereby defining a community. Notice,
however, that this definition is based only on geometry alone, without any direct information coming from the network
structure, which is anyway included in the embedding itself.

The second method, the topological critical gap method [7], is similar to the previous one but uses modularity to
determine what is the optimal critical gap to be used to partition the set of nodes. Our algorithm goes as follows.
We set Af,. at a value larger than the largest angular gap between two angularly consecutive nodes; there is therefore
only one single community. We then iteratively decrease Af. and split any community into two smaller ones at the
point where two consecutive nodes are separated by an angle larger than the new value of Af.. Note that we ignore
any split that would create a community containing 5 nodes or less. The number of communities thus increases as
the value of Af. decreases until it becomes smaller than the smallest angular gap between consecutive nodes. This
last situation corresponds to the case where every node belongs to its own community. At the end of this process, we
preserve the community structure corresponding to the value of A6, for which the modularity is maximal.

It is important to mention that these two methods will not recover the same partition used to the generate the
4 original networks. Indeed, the topology of the networks is subject to fluctuations due to the distribution of the
hidden variables x and 6 as well as to the network generation process itself (recall that the S' model only prescribes
the probability for the links to exist). Besides, some of the blocks generated are small and/or very close to nearby
blocks. Consequently, we do not expect these two methods to detect the exact same number of communities as the
number of angular blocks used to generate the networks. The aim of this analysis it rather to assess whether or not
Mercator is able to infer an embedding whose organization is coherent with the original angular structure.

We measured this coherence by computing the normalized mutual information between the angular partition used
to generate the networks (each block on Fig. corresponds to a community) and the communities identified by
the geometrical and topological critical gap methods. Table [SI] shows the results. As expected, neither of the two
methods detect the exact same original angular groups, however we see that Mercator is able to infer angular positions
that are extremely congruent with the original angular positions. Figures (right column) further illustrate the
community structures detected with both methods and compare them with the original angular structure.

The left column of Figs. show the embedding obtained with Mercator when g; = g-F at Eq. (A15) in the
main text, i.e., when the initial positions are only given by the LE method without enforcing a minimal angular
distance between nodes, which is set in Mercator as the expected angular distance two consecutive nodes in the S*
model. Our results show that although the angular positions provided by the LE method lead to embeddings where
the original angular blocks can be identified to some extent, the minimal angular distance coupled with the likelihood
maximization step allow to infer an embedding for which distances between nodes can be translated into topological
information in the form of a probability of connection.

Network NMI (fast mode) NMI (refined mode)
Network 1 (Geom. CGM) 0.88 0.88
Network 1 (Topol. CGM) 0.89 0.80
Network 2 (Geom. CGM) 0.57 0.80
Network 2 (Topol. CGM) 0.97 0.96
Network 3 (Geom. CGM) 0.80 0.80
Network 3 (Topol. CGM) 0.85 0.78
Network 4 (Geom. CGM) 1.00 0.97
Network 4 (Topol. CGM) 0.87 0.87

TABLE S1. Communities detected using the topological and geometrical critical gap methods on the embeddings obtained
with the fast and refined modes of Mercator for the 4 synthetic networks described in the text. The overlap between the original
angular blocks (see Fig. and the detected communities is measured using the normalized mutual information (NMI).
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FIG. S1. Angular blocks used to generate the 4 synthetic networks with community structure. These blocks are used as the
original communities in the calculation of NMI on Table [S]
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FIG. S2. Network 1. Left column shows the embedding obtained with the fast mode of Mercator when the angular positions
are obtained directly from the LE method, i.e. g; = gi'" on Eq. (A15) in the main text. Right column shows the outcome of the
refined mode of Mercator, i.e. using Eq. (A15) in its actual form. First row shows communities detected with the geometrical
critical gap method and the second row with topological critial gap method. Nodes are colored according to the communities
detected by the corresponding method. The grey areas indicate the position of the gaps separating the original angular blocks.
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FIG. S3. Network 2. Left column shows the embedding obtained with the fast mode of Mercator when the angular positions
are obtained directly from the LE method, i.e. g; = g-'" on Eq. (A15) in the main text. Right column shows the outcome of the
refined mode of Mercator, i.e. using Eq. (A15) in its actual form. First row shows communities detected with the geometrical
critical gap method and the second row with topological critial gap method. Nodes are colored according to the communities
detected by the corresponding method. The grey areas indicate the position of the gaps separating the original angular blocks.
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FIG.

S4. Network 3. Left column shows the embedding obtained with the fast mode of Mercator when the angular positions

are obtained directly from the LE method, i.e. g; = gi'" on Eq. (A15) in the main text. Right column shows the outcome of the
refined mode of Mercator, i.e. using Eq. (A15) in its actual form. First row shows communities detected with the geometrical
critical gap method and the second row with topological critial gap method. Nodes are colored according to the communities
detected by the corresponding method. The grey areas indicate the position of the gaps separating the original angular blocks.
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FIG. S5. Network 4. Left column shows the embedding obtained with the fast mode of Mercator when the angular positions
are obtained directly from the LE method, i.e. g; = g-'" on Eq. (A15) in the main text. Right column shows the outcome of the
refined mode of Mercator, i.e. using Eq. (A15) in its actual form. First row shows communities detected with the geometrical
critical gap method and the second row with topological critial gap method. Nodes are colored according to the communities
detected by the corresponding method. The grey areas indicate the position of the gaps separating the original angular blocks.



B. Comparison with the nPSO model

S8

We compare Mercator with the Coalescent embedding algorithm proposed in Ref. [I] for synthetic networks
generated with the non-uniform Popularity-Similarity-Optimization (PSO) model [3] —a growing geometric model
generating complex networks in hyperbolic space with inhomogeneous angular distributions. Figure [S6] shows results

for networks generated with v = 2.5, N = 1000, and C = 9 different geometric communities.
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FIG. S6. Comparison between the angular coordinates inferred by different versions of Mercator and the Coalescent embedding
method (with and without equidistant adjustment—EA and Or., respectively) in terms of the C-score (left) and the Pearson
correlation coefficient between original and inferred angular coordinates (middle), as a function of the clustering parameter
B, for networks generated with the nPSO model with C' = 9 geometric communities. The right column shows the Pearson
correlation coefficient between the original and the inferred connection probabilities of all pairs of nodes. Every row corresponds
to a different value of (k): a. 4, b. 8, and ¢. 12. For every value of the parameters, we generated and embedded 10 synthetic
networks of size N = 1000 and with power-law degree distribution exponent v = 2.5. The plots show the resulting averages
and standard deviations.
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II. EMBEDDING REAL NETWORKS

Figures |[S7! show the quality of the embeddings obtained with Mercator in the refined mode for the 9 other real
complex networks mentioned in the main text.
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