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I. REAL-WORLD MULTIPLEX NETWORK
DATA

Here we provide details on the real-world multiplex
network data we have considered. An overview of the
data is given in Table I of the main text.

IPv4/IPv6 Internet. The IPv4 and IPv6 Au-
tonomous Systems (AS) Internet topologies were ex-
tracted from the data collected by the Archipelago ac-
tive measurement infrastructure (ARK) developed by
CAIDA [1]. The connections in each topology are not
physical but logical, representing AS relationships. An
AS is a part of the Internet infrastructure administrated
by a single company or organization. Pairs of ASs peer
to exchange traffic. These peering relationships in the
AS topology are represented as links between AS nodes.
CAIDA’s IPv4 and IPv6 [2] datasets provide regular
snapshots of AS links derived from ongoing traceroute-
based IP-level topology measurements. The IPv4 dataset
consists of ASs that can route Internet packets with IPv4
destination addresses, while the IPv6 dataset consists of
ASs that can route packets with IPv6 destination ad-
dresses. The considered IPv4 and IPv6 topologies were
constructed by merging the AS link snapshots during the
first 15 days of January 2015, which are provided at [3].
The TPv4 topology (Layer 1) consists of Ny = 37563
nodes (ASs), and has a power law degree distribution
with exponent v; = 2.1, average node degree k; = 5.06,
and average clustering ¢; = 0.63. The IPv6 topology
(Layer 2) comsists of No = 5163 nodes, has a power
law degree distribution with exponent v = 2.1, average
node degree ky = 5.21, and average clustering é; = 0.55.
There are 4819 common nodes in the two topologies, i.e.,
ASs that can route both IPv4 and IPv6 packets.

Air/Train. The Air/Train data is taken from [4]. The
data contains the network of airports and the network of
train stations in India, as well as the geographic distances
between the airports and the train stations. For each air-
port, we aggregate all train stations that are within 50km
from the airport into a supernode. Subsequently, we de-
clare two supernodes connected if they have at least one
train station in common, or if at least one train station
from the one supernode is directly connected to a train
station from the other supernode. If there are no train
stations within 50km from an airport, we consider the
nearest train station to the airport, which is considered
a supernode on its own. Each supernode has the same
id as its corresponding airport, i.e., it is considered to
be the same node in the multiplex system. The idea
behind this aggregation procedure is to relate train sta-
tions to the airports to which they are geographically
close. The considered multiplex consists of the network
of airports (Air) and the network of aggregated supern-



odes of train stations (Train). The two networks con-
sist of N7 = Ny = 69 common nodes. The Air network
(Layer 1) has average degree k1 = 5.22, maximum degree
k** = 42, and average clustering ¢; = 0.79. The Train
network (Layer 2) has average degree ko = 9.33, maxi-

mum degree k5*** = 41, and average clustering ¢; = 0.48.

Drosophila Melanogaster. The Drosophila
Melanogaster dataset is taken from [5, 6]. In this dataset,
the networks represent protein—protein interactions and
the layers correspond to interactions of different nature.
Layer 1 in our multiplex corresponds to suppressive ge-
netic interaction, while layer 2 corresponds to additive ge-
netic interaction. More details on the data can be found
in [5, 6]. Layer 1 has N; = 838 nodes, average degree
ki = 4.43, and average clustering ¢; = 0.28. Its degree
distribution can be approximated by a power law with
exponent y; = 2.6. Layer 2 has Ny = 755 nodes, average
degree ko = 3.77, and average clustering ¢ = 0.29. Its
degree distribution can be approximated by a power law
with exponent 75 = 2.8. There are 557 common nodes in
the two layers.

C. Elegans Connectomme. The C. Elegans dataset
is taken from [7, 8]. It corresponds to the neuronal
network of the nematode Caenorhabditis Elegans. The
nodes are neurons and each layer corresponds to a dif-
ferent type of synaptic connection: Electric (Layer 1),
Chemical Monadic (Layer 2), and Chemical Polyadic
(Layer 3). Layer 1 has N7 = 253 nodes, average degree
k1 = 4.06, and average clustering & = 0.24. Layer 2 has
Ny = 260 nodes, average degree ks = 6.83, and average
clustering co = 0.21. Layer 3 has N3 = 278 nodes, aver-
age degree ks = 12.25, and average clustering ¢; = 0.29.
The degree distribution in all three layers can be approxi-
mated by a power law with exponent v; = v = v3 = 2.9.

Human Brain. The human brain data is taken
from [9]. The data consists of a structural (anatomi-
cal) network, as well as a functional network obtained by
an algebraic aggregation procedure. In both networks,
nodes are brain regions—there are 90 different brain re-
gions in the data. The structural network is obtained by
Diffusion Magnetic Resonance Imaging (dAMRI). For each
pair of brain regions, the data gives the probability that
these regions are connected. The connection probability
is proportional to the density of the axonal fibers between
the regions. In our multiplex, we declare two regions
of the structural network connected if their connection
probability is larger than a threshold ths = 0.92. The
functional network is obtained by BOLD fMRI resting
state recordings for the same brain regions. The proba-
bility that two regions are connected here is proportional
to a correlation coefficient between the fMRI time series
of the region voxels [9]. In our multiplex, we declare two
regions of the functional network connected if their corre-
lation coefficient is larger than the threshold thy = 0.67.
The resulting structural network (Layer 1) consists of a
giant connected component of 85 nodes, with average de-
gree ki = 5.41, maximum degree k*®* = 12, and average
clustering ¢; = 0.49. The resulting functional network

(Layer 2) has a giant connected component of 78 nodes,
average degree ko = 5.48, maximum degree k% = 14,
and average clustering ¢; = 0.40. The two layers have 77
nodes in common.

SacchPomb.  The SacchPomb dataset is taken
from [5, 6] and represents the multiplex genetic and pro-
tein interaction network of the Saccharomyces Pombe
(fission yeast). The multiplex consists of 5 layers cor-
responding to 5 different types of interactions. Layer 1
corresponds to direct interaction, Layer 2 to colocaliza-
tion, Layer 3 to physical association, Layer 4 to synthetic
genetic interaction, and Layer 5 to association. More de-
tails on the data can be found in [5, 6]. The correspond-
ing size N, average degree k, average clustering ¢, and
power law exponent v for each layer is shown in Table I.

Rattus. The Rattus dataset is taken from [5, 6] and
represents the multiplex genetic and protein interaction
network of the Rattus Norvegicus (common rat). Layer 1
corresponds to physical association and Layer 2 to direct
interaction. The corresponding size N, average degree Fk,
average clustering ¢, and power law exponent ~y for each
layer is shown in Table I.

arXiv. The arXiv data is taken from [10] and contains
co-authorship networks from the free scientific repository
arXiv. The nodes are authors that are connected if they
have co-authored a paper. In arXiv, each paper is as-
signed to one or more relevant categories. The data con-
siders only papers with the word “networks” in the ti-
tle or abstract from different categories up to May 2014.
We consider 8 different categories (layers). Layer 1 cor-
responds to the co-authorship network formed by the au-
thors of papers in the “Biological Physics” (physics.bio-
ph) category. Similarly, Layer 2 corresponds to “Dis-
ordered Systems and Neural Networks” (cond-mat.dis-
nn), Layer 3 to “Physics and Society” (physics.soc-ph),
Layer 4 to “Data Analysis, Statistics and Probability”
(physics.data-an), Layer 5 to “Optimization and Con-
trol” (math.OC), Layer 6 to “Statistical Mechanics”
(cond-mat.stat-mech), Layer 7 to “Molecular Networks”
(g-bio.MN), and Layer 8 to “Social and Information Net-
works” (cs.SI). The corresponding size N, average degree
k, average clustering ¢, and power law exponent 7 for
each layer is shown in Table I.

Physicians. The Physicians dataset is taken from [11]
and contains 3 network layers corresponding to different
types of relations among physicians in four US towns.
Layers 1, 2, 3 correspond respectively to advice, discus-
sion, and friendship relations among the physicians. The
corresponding size N, average degree k, average cluster-
ing ¢, and power law exponent ~y for each layer is shown
in Table I.

II. HYPERBOLIC MAPPING

We map each layer of each real multiplex to its hy-
perbolic space using the HyperMap method [12, 13],
whose implementation is available at [14]. On its in-



Layer N k c ¥ m T
Internet Layer 1 37563 5.06 0.63 2.1 1.0 0.5
Internet Layer 2 5163 5.21 0.55 2.1 1.0 0.5
Air/Train Layer 1 69 5.22 0.79 2.6 1.0 0.005
Air/Train Layer 2 69 9.33 0.48 2.9 1.0 0.4
Drosophila Layer 1 838 4.43 0.28 2.6 0.5 0.68
Drosophila Layer 2 755 3.77 0.29 2.8 0.5 0.65
C. Elegans Layer 1 253 4.06 0.24 2.9 2.0 0.65
C. Elegans Layer 2 260 6.83 0.21 2.9 3.4 0.7
C. Elegans Layer 3 278 12.25 0.29 2.9 6.1 0.65
Brain Layer 1 85 5.41 0.49 6.0 2.7 0.4
Brain Layer 2 78 5.48 0.40 6.0 1.0 0.5
arXiv Layer 1 2956 4.13 0.83 2.6 2.0 0.05
arXiv Layer 2 3506 4.19 0.81 2.6 2.0 0.05
arXiv Layer 3 1594 3.79 0.92 6.0 1.9 0.05
arXiv Layer 4 5465 5.30 0.83 2.5 2.0 0.05
arXiv Layer 5 1605 5.52 0.89 4.0 2.8 0.05
arXiv Layer 6 1451 3.56 0.88 4.0 1.8 0.05
arXiv Layer 7 1905 4.64 0.88 4.0 2.3 0.05
arXiv Layer 8 4946 4.69 0.85 2.5 2.0 0.05
SacchPomb Layer 1 936 2.85 0.18 2.9 1.0 0.75
SacchPomb Layer 2 346 2.14 0.28 3.3 1.0 0.57
SacchPomb Layer 3 2400 5.81 0.42 2.1 1.0 0.62
SacchPomb Layer 4 897 5.66 0.26 2.8 1.0 0.7
SacchPomb Layer 5 181 2.41 0.64 2.2 1.0 0.25
Rattus Layer 1 2032 2.73 0.26 2.05 1.0 0.68
Rattus Layer 2 1010 1.94 0.05 2.5 0.97 0.85
Physicians Layer 1 215 4.18 0.28 2.7 2.1 0.65
Physicians Layer 2 231 2.31 0.28 2.8 2.2 0.65
Physicians Layer 3 288 3.71 0.24 10 1.9 0.65

Table 1. Topological properties and HyperMap parameter values for the considered empirical multiplex net-

works.

put the method takes the network adjacency matrix «;;
(avij = aj; = 1 if there is a link between nodes ¢ and
j, and o;; = a;; = 0 otherwise), and the network pa-
rameters m,y,T. It then computes radial and angular
coordinates r;,0;, for all nodes i < N in the network.
Parameter m is the expected minimum node degree, v is
the power law degree distribution exponent, and 7T is the
temperature. The values of m,~y,T used to embed each
layer are shown in Table I.

To estimate the values of m,~,T for each layer, we
use the Extended Popularity xSimilarity Optimization
(E-PSO) model described in [12]. The E-PSO model
grows synthetic complex networks and it is equivalent
to the hyperbolic H? model [15]. It takes as input the
final network size N, the average node degree k, and the
network parameters m,y,T. We use the E-PSO model to
construct synthetic networks with the same size N and
average degree k as in each real layer, using different pa-

rameter values for m,y,T. The estimated m,y,T values
for each layer are then the values that best match the
degree distribution and average clustering between the
layer and the corresponding synthetic network.

HyperMap is based on Maximum Likelihood Estima-
tion. It finds the radial and angular coordinates r;, 8; for
all nodes ¢ < N, which maximize the likelihood

[T w1 =p) ™, Q)

1<j<i<N

E:

where the product goes over all node pairs 4,5 in the
network, x;; is the hyperbolic distance between pair %, j,

x;; =arccosh (coshr; coshr; — sinhr; sinhr; cos Af;;)
~r; +r; + 21Insin (A6;;/2),
~ri 41+ 2In (A0;;/2),
(2)



where A§;; =7 — |1 — |6; — 0;]| and p(x;;) is the Fermi-
Dirac connection probability,

1
1t erGuB)

3)

p(wij) =

where R ~ In N. To efficiently and accurately maximize
the likelihood in Eq. (1) the method follows the tech-
niques described in [12, 13]. Here, we have used the most
recent version of the method described in [13].

The inferred radial coordinate of a node i depends on
its observed degree in the network k; via r; ~ In N —
Ink; [12]. Therefore, if node degrees are correlated in
different layers so will be the radial coordinates. Fig. S1
shows the conditional probability P(rs|r1) for layer pairs
of some of our real multiplexes, which is the probability
that a node has radial coordinate 75 in layer 2 given its
radial coordinate r; in layer 1. We observe strong cor-
relations among the radial coordinates of nodes in the
different layers. Similar results hold for the rest of our
multiplexes. In Section X, we quantify both the radial
and angular correlations across the layers of all of our
real multiplexes.

We note that a recent work also studying latent ge-
ometry inference problems in a multiplex setting is the
one in [16]. However, that work addresses a very differ-
ent problem (low distortion reconstruction of the latent
space of individual categories/layers from an aggregated
network), under certain assumptions (local category—
disjointness, etc.).

III. DESTROYING TRANS-LAYER
CORRELATIONS

To destroy the geometric trans-layer correlations in our
real multiplexes, we randomly reshuffle the trans-layer
node-to-node mappings. Specifically, for each real mul-
tiplex we select one of its layers and we interchange the
id of each node of the layer with the id of a randomly
selected node from the same layer. The idea behind this
process is that if a node with id ¢ is node n; in layer 1 and
node ny in layer 2 with correlated coordinates (ry,,, 6p, ),
(Pnys Oy ), then, after reshuffling layer 2, the node will be-
come some other node nf, in this layer, with coordinates
(Tny, Oy ) that will not be correlated with (ry,,0,,). We
note that this reshuffling process is just a random id in-
terchange among the nodes of a layer and does not alter
the layer’s topology. We used this process to create the
reshuffled counterparts of the real multiplexes in the main
text and in the next section. The reshuffled counterparts
serve as a null model for what one would expect if there
were no geometric correlations among the layers.

IV. SIMILARITY COMMUNITIES AND
TRANS-LAYER CONNECTION PROBABILITIES

Figs. S2-S4 show the distribution of nodes that have
angular coordinates 6;,0; in layers i, j of the rest of our
real multiplexes as well as the corresponding distribu-
tions in their reshuffled counterparts. In cases where
there are more than 3 layers in a multiplex, we present
results for selected layer-pair combinations. Figs. S5—
S7 show the empirical trans-layer connection probability,
P(i|j), that two nodes are connected in layer i of each
multiplex, given their hyperbolic or angular distance in
layer 7. We can make similar observations as with the
Internet, Drosophila, and arXiv multiplexes in the main
text (cf. Figs. 2, 3). We also observe that trans-layer
link prediction in some multiplexes is better compared
to others. This is expected since the strength of geomet-
ric correlations is different in different multiplexes, see
Table II in Section X where we quantify the radial and
angular correlation strengths. For example, we can see
from Table II that the Air/Train has the weakest an-
gular correlations, which explains the relatively poorer
trans-layer link prediction using only similarity distances
(Fig. S5). We quantify the quality of trans-layer link
prediction in all the consider real multiplexes in Sec. VI.
Finally, we note that in all of our connection probability
plots we use in the z-axis linear scale for hyperbolic dis-
tances and logarithmic scale for angular distances. This
is because the hyperbolic distance is a logarithmic func-
tion of the angular distance (z;; = r;+r;+21n (A6;;/2)),
making this the most natural representation option.

The two-dimensional similarity histograms (Figs. 2, 3
in the main text and Figs. S2-S4) provide a natural
way to observe soft community structure simultaneously
present in pairs of network layers, where by soft com-
munities we mean groups of nodes located close to each
other in the similarity space [17-20]. We note that we
do not propose an automated community detection al-
gorithm here—developing such an algorithm is beyond
the scope of the present manuscript. However, our find-
ings could serve as a starting point for the future de-
velopment of such an algorithm, where one first embeds
the n layers of a given multiplex, and then utilizes well-
established algorithms from the area of spatial clustering
(e.g., spectral clustering [21], DBSCAN [22], etc.) that
would automatically detect multidimensional communi-
ties on a geometric basis (soft communities), and which
are known to work well even in high dimensions.

As mentioned, the development of community detec-
tion techniques for multiplex systems is recently gain-
ing attention [10, 23-27]. Different techniques introduce
complementary notions of communities and complemen-
tary techniques for identifying them, often extending re-
sults from single-layer networks to multiplexes. For in-
stance, Mucha et al. [24] derive a multilayer general-
ization of modularity that is based on a simultaneous
random walk on all layers of a multiplex to detect com-
munities. Stanley et al. [26] derive a strata multilayer
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Figure S1. Conditional probability P(r:|ri) that a node has radial coordinate r, given its radial coordinate r;.
From left to right the plots correspond to the IPv4/IPv6 Internet (A), arXiv Layers 1, 2 (B), and Drosophila
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stochastic block model approach that identifies and com-
bines sets of layers with similarities in community struc-
ture (strata), and infers consensus node-to-community
assignments. Furthermore, Taylor et al. [27] aggregate
the layers of a multiplex using different operations and
show using random matrix theory for stochastic block
models, that by aggregating similar layers, it is possible
to identify community structure that is undetectable in
a single layer.

In contrast to previous approaches, where the bound-
aries of communities are determined by the network itself,
soft communities are defined by the similarity coordi-
nates of nodes, which manifest themselves indirectly via
the nodes’ connections and disconnections. Nodes closer
in the similarity space form soft communities whose
boundaries in our similarity histograms are determined
by the bin size. The bin size can be seen as a community
resolution parameter akin to [24]—the smaller the bin
size the higher is the resolution and the smaller is the
community size in the bin. However, we emphasize that
our similarity histograms are just a natural and conve-
nient way of observing soft community structure in layer
pairs. They do not comprise an automated community
detection method. We also note that soft communities
have been shown to correspond well to actual and mean-
ingful network communities, cf. [17-20] and Sec. V.

In this work, we independently embed the layers of
a given multiplex and observe community structure in
layer pairs. This approach allows one to observe commu-
nities of nodes that are simultaneously present in both
layers, as well as communities of nodes that are present
in one layer but not in the other (cf. Sec. V). In con-
trast, previous approaches, e.g., [26, 27], utilize different
layers of a multiplex simultaneously in order to detect
community structure across layers, that is, in order to
infer consensus node-to-community assignments. In line
with these studies, our embedding procedure can be ex-
tended in different directions. One direction would be
to jointly embed the different layers of a given multiplex

(or the layers belonging to the same stratum [26]), and
infer single consensus radial and angular coordinates for
each node. A second direction would be to aggregate
the different layers using different operations as in [27]
and then embed the aggregated network, again inferring
single consensus coordinates for nodes. Finally, a third
direction would be to infer the node coordinates in each
layer as we do in this work, but by jointly embedding
the layers (instead of independently). Whether these al-
ternatives can lead to enhanced community detectability
across layers as in [27], or improved performance in other
applications such as greedy routing, are open research di-
rections.

We note that the simultaneous embedding of layers
that yields single consensus coordinates for each node
will give a consensus of community membership for each
node as in [26, 27]. This approach cannot identify how
communities are spread between layers, e.g., it cannot
identify if there are communities present in one layer but
not in others. Therefore, we believe that all the embed-
ding alternatives discussed above are complementary and
depend on what aspect/details of community structure
one is mostly interested in.

Finally, we note that the work in [26] groups layers of
a multiplex together (in the same stratum) if their con-
nection probability matrices are close to each other. A
similar approach could be applied in our case using our
connection probability matrices where connection prob-
abilities are decreasing functions of hyperbolic distances
among nodes. Also, a simpler approach might be to use
the Normalized Mutual Information (NMI), see Sec. X,
which quantifies the correlation strength among angular
coordinates of layer pairs, and group layers together if
their NMI is above a certain threshold.
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Figure S2. Distribution of nodes in the two-dimensional similarity space of the human brain, Air/Train, and
Rattus multiplexes (first row), and for all layer-pair combinations of the CElegans multiplex (third row). In
each case the plots correspond to nodes that exist in both layers. The angular similarity coordinate of a node in layers 4, j is
denoted by 6; and 6;, respectively. The histogram heights are equal to the number of nodes falling within each two-dimensional
similarity bin, and the colors in each case denote the relative magnitude of the heights. Second and fourth row: The same
distributions for the reshuffled counterparts of the real systems.
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Figure S3. Distribution of nodes in the two-dimensional similarity space of all layer-pair combinations of the
Physicians multiplex (first row), and for different layer-pair combinations of the SacchPomb multiplex (third
row). In each case the plots correspond to nodes that exist in both layers. The angular similarity coordinate of a node in
layers i, j is denoted by 6; and 6;, respectively. The histogram heights are equal to the number of nodes falling within each
two-dimensional similarity bin, and the colors in each case denote the relative magnitude of the heights. Second and fourth
row: The same distributions for the reshuffled counterparts of the real systems.
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Figure S4. Distribution of nodes in the two-dimensional similarity space of different layer-pair combinations of
the arXiv multiplex (first and third row). In each case the plots correspond to nodes that exist in both layers. The
angular similarity coordinate of a node in layers i, j is denoted by 6; and 6;, respectively. The histogram heights are equal to the
number of nodes falling within each two-dimensional similarity bin, and the colors in each case denote the relative magnitude
of the heights. Second and fourth row: The same distributions for the reshuffled counterparts of the real systems.
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Figure S5. Trans-layer connection probability in the human brain, Air/Train, and Rattus multiplexes and in
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Corresponding trans-layer connection probabilities when considering only the angular (similarity) distance between nodes, Af.



Physicians 12 Physicians 13 Physicians 23

O \ \ \ = O \ \ \ = O \ \ \ \
el TR N . o Pn(2l1) ] 10°F NNERE g W o Pn(312)
= [ \\* o Pran(1]2) § F 1_‘é_ 0/,&“‘2\ ® Pran(113) 3 [ oE N \V\ © Pran(2[3)
K} 1 9. \ | [ ) V. il r v
1071, % . =N . _ _
g a E o/ :\\ ¥ ia 107F, A \ E o 10 1? * e A S
L/ N S, ] C ) AN ] F @<t _____ A N
S i 6.0~ B-0-F 0-9-0 f e . 5. 5.9 o - ° e 3
T 107FaP21 o *g 3 10-2La PEID . N TR A§ L[aPER) ¢TI e
HY Pl \ \ R FY P(LI3) ¢, ® \ A 10 Y P(2|3? \ \ . X“
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
X X X
Y. aPRI1) o Ph(211) ] OB A PEI1) o Pin(311) X, a P(3|2) o Pran(3]2)
101 S v P(2) e Pn(1]2) | 107°F S v P(3) e Prn(113) 3 1071 . VP@23) e Pun(213) 5
[ c o A B C SLTA ] C o
3] [ AN ] r S E r oS
ER 3ples 1« : 1~ 5 000 o8
N =B N R — - % .O._ P —— R0y
- LA S e e SRS &3 LTS
1072 AN ). S ) LANAD 107 § SRR G
£ V-y N E 107k x A\$/ E g W& 4 A
t Ll | ] 5 Ll el LA L | el
107? 10° 107 10° 107! 10°
A A Ad
SacchPomb 12 SacchPomb 13 SacchPomb 35
0 - 0 05 5
1078 ,v;-xs | | ‘ E 10 NN | | | 10 ?¢’Zix ‘ ‘ "o Pn(513)
Faa TG ] Xy vwa i Loaa ® Pun(315) |
2 ol A ] 107k YA 10700 %
5 N 3 A& 3 o E v a F . g_ 4 .—Qx—. 8 -
2 Fa P(211) Y B Ca P(3[1) \ 102k ° ¢
o FvP(12) 2 N ] 1072 v P(1]3) E 60 *TO
< 102 V2 Bg | £ o-q 3 E S Al
E E ¢ Pan(21) @ \\./O\v z“s < G: Fe Pran(311) € z—g o'z'g';-x ®- 10_3;A P(513) N
ik Pra”\(1|2) ! ¢ e i S 1073E ® P'af'(1|3)\ o4 5 P(:\HS) ! ! L A L]
0O 5 10 15 20 25 0 5 10 15 20 25 30 0O 5 10 15 20 25 30
X X X
—_— ~ — 10° —_—
10'F g aP@1) e Pun(21) 107 F " APEI1) e PLy(3I1) o i " AP(5I3) e PLa(513)
E S vP(12) e Pran(112) ] SN v P(1]3) @ Pran(113) ] o Y v P(3|5) .Pran(Sls) 1
L 2N ] [ W ] 1077 g A Vg
- r ™~ N r RN b £ x 4
] [ @--—--==z~ oS 1‘.‘0
= a 1072 @ .- 0\\ /!\._ "'38? a 102 N 4 a 102k X o §—<> <
8o Foe ‘On\gﬁ_,_{o E F 2 ] 4 2 N
é F & A X‘*X 4 - S .,./& ’--“ ~.—‘ E A A \9',/ \X 1
i x ] Lo o ¥ TTIY 107 &
10—3 I Lol 10—3 I \O\\HH\ L E [N IR L
107? 10° 107? 10° 107! 10°
A AB A

Figure S6. Trans-layer connection probability in different layer combinations of the Physicians and SacchPomb

multiplexes. First and third row: Trans-layer connection

probability as a function of hyperbolic distance. P(j|i) denotes

the probability that a pair of nodes is connected in layer j given its hyperbolic distance x in layer i. Pran(j]¢) denotes the same
probability for the reshuffled counterpart of each real system. Second and fourth row: Corresponding trans-layer connection

probabilities when considering only the angular (similarity) di

V. SIMILARITY COMMUNITIES AND
GEOGRAPHIC REGIONS IN THE IPV4/IPV6
INTERNET

In [12, 13, 17], we have considered the IPv4 Internet
topology. We have shown that the mapping of the topol-
ogy to its underlying hyperbolic space yields meaning-
ful results, since ASs belonging to the same country are
mapped close to each other. Specifically, for the majority
of the countries, we have shown that their ASs are local-

stance between nodes, Af.

ized in narrow angular (similarity) regions. The reason
for this effect is that ASs belonging to the same country
are usually connected more densely to each other than to
the rest of the world, and the mapping method (Hyper-
Map) correctly places all such ASs in narrow regions close
to each other. We note that other reasons besides geo-
graphic proximity may affect the connectivity between
ASs, such as economical, political, and performance-
related reasons. The mapping method does not favor
any specific reason, but relies only on the connectivity
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Figure S7. Trans-layer connection probability in different layer combinations of the arXiv. First and third row:
Trans-layer connection probability as a function of hyperbolic distance. P(j|i) denotes the probability that a pair of nodes is
connected in layer j given its hyperbolic distance x in layer i. Pran(j|i) denotes the same probability for the reshuffled counterpart
of each real system. Second and fourth row: Corresponding trans-layer connection probabilities when considering only the

angular (similarity) distance between nodes, Af.

between nodes (ASs in this case) in order to place the
nodes at the right angular (and hyperbolic) distances.

In Fig. S8, we observe a similar effect in the two-
dimensional similarity space of the IPv4/IPv6 Internet.
The figure shows the distribution of ASs belonging to dif-
ferent regions and countries. The AS-to-country mapping
is taken from the CAIDA AS Organizations Dataset [28].
In Fig. S8, we can see ASs from regions/countries that
are narrowly distributed in the two-dimensional similar-
ity space, as well as ASs from regions/countries that are

more widely spread. The former group of ASs are the
ASs that form strong communities, i.e., that are densely
connected to each other, in both the IPv4 and IPv6
topologies. In the figure, these are the ASs belonging to
the Post-Soviet and South America regions (Fig. S8A),
as well as the ASs belonging to some distinct counties
such as Austria, Japan, China, Taiwan (Figs. S8B,C).
By contrast, ASs belonging to the US and Europe are
more widely spread in both the IPv4 and IPv6 similarity
spaces (Figs. S8A,C). We note that Europe in Fig. S8A
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Figure S8. Distribution of ASs of the same re-
gion/country in the two-dimensional similarity space
of the IPv4/IPv6 Internet. The plots correspond to ASs
belonging to different regions/countries, which exist both in
IPv4 and IPv6. The angular similarity coordinate of an AS
in IPv4 is denoted by 6; and in IPv6 by 6>. For each re-
gion/country, the histogram heights are normalized by the
total number of ASs that belong to the region/country. In A,
“Post Soviet” corresponds to the ASs belonging to Russia,
Ukraine, Estonia, and Latvia; “Europe” corresponds to the
ASs belonging to Germany, France, Spain, Finland, Austria,
Netherlands, Sweden, Italy, and Greece; “North America”
corresponds to the ASs belonging to the USA and Canada;
and “South America” corresponds to the ASs belonging to
Brazil, Uruguay, Argentina, and Colombia. The histograms
in B-D correspond to the ASs belonging to 10 distinct coun-
tries. In B, the countries are Germany (DE), Austria (AT),
and Switzerland (CH); in C, the countries are Japan (JP),
China (CN), Taiwan (TW), and USA (US); and in D, the
countries are Ukraine (UA), Russia (RU), and Poland (PL).

represents not one country but a collection of 9 different
countries. Finally, we also observe that there can be ASs
from countries that are narrowly distributed in the one
similarity space, but not in the other. This is the case
for example with the ASs belonging to Poland, which are
narrowly distributed in the IPv4 space but not in the
IPv6 (Fig. S8D). This suggests that these ASs do not
form a strong community in IPv6, while they do in IPv4.

VI. QUALITY OF TRANS-LAYER LINK
PREDICTION

Here, we quantify the quality of trans-layer link pre-
diction across all layer-pairs of our real multiplexes. To
this end, we use the Area Under the Receiver Operating
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Figure S9. Quality of trans-layer link prediction. AUC
hyperbolic vs. AUC binary.

Characteristic Curve (AUC) [29], which is a standard
metric used to quantify the accuracy of a link prediction
technique. Specifically, given two layers 1, 2, and the set
of their common nodes, the AUC here is defined as the
probability that a randomly selected link from the set of
links among the common nodes in layer 2 is given a better
score (i.e., a higher existence likelihood) than a randomly
selected nonexistent link, where the “non-existent” links
are the disconnected common node pairs in layer 2. The
score between two common nodes ¢,j in layer 2 is the
inferred hyperbolic distance x;; between these nodes in
layer 1. The smaller this score, i.e., the smaller the hy-
perbolic distance between two nodes in layer 1, the more
likely it is that these nodes are connected in layer 2, since
the connection probability (Eq. (3)) is a decreasing func-
tion of hyperbolic distance. The degree to which the
AUC exceeds 0.5 indicates how much better the method
performs than pure chance, while AUC = 1 is the best
possible AUC.

We also compute the AUC for a simpler baseline bi-
nary link predictor, where if a link exists between two
common nodes in layer 1, then we predict that this link
will also exist in layer 2. Otherwise, if a link does not
exist between two nodes in layer 1, then we predict that
this pair of nodes will not be connected in layer 2 either.

The results are shown in Fig. S9, where the AUC value
for each layer pair ¢, j is the average of the AUCs along
the i to j and j to i prediction directions. The AUC hy-
perbolic is the AUC obtained when we use hyperbolic dis-
tances, while the AUC binary is the AUC obtained with
the binary link predictor described above. From Fig. S9,
we observe that in all cases apart from the brain (28 in
total), trans-layer link prediction using hyperbolic dis-
tances performs better than the simple binary approach,
and in several cases, e.g., Internet, Drosophila, impres-
sively better.



VII. MODELING MULTIPLEX NETWORKS
WITH GEOMETRIC CORRELATIONS—THE
GEOMETRIC MULTIPLEX MODEL (GMM)

In this section we discuss the technical details of our
framework, which constructs synthetic multiplex net-
works with geometric correlations. As mentioned, our
framework constructs single-layer topologies using the H?
model [15], and allows for radial and angular coordinate
correlations across the different layers. Instead of work-
ing directly with the H? model, we make use of the S
model [30] that is more convenient to work with, and
which is isomorphic to the H? model through a simple
change of variables [15]. We first review the S! model
and its relation to the H? model.

A. S'/H? model of single-layer networks

Instead of radial and angular coordinates r;, #;, each
node i in the S! model has hidden variables «;,6;. The
hidden variable k; is the node’s expected degree in the
resulting network, while 6; is the angular (similarity) co-
ordinate of the node on a circle of radius N/2w, where
N is the total number of nodes. To construct a network
with the S' model that has size N, average node degree F,
power law degree distribution with exponent v > 2, and
temperature T € [0,1), we perform the following steps:

i. Sample the angular coordinates of nodes 6;, i =
1,2,..., N, uniformly at random from [0, 2], and
their hidden variables x;, i = 1,2,..., N, from the
probability density function (PDF)

plr) = (v = Dr™ k7, (4)
Hmin _ ]_f’y —2
v-1
where k™ is the expected minimum node degree,

which is a function of the average degree k; !

ii. Connect every pair of nodes 4,7 with probability

1
(i, B33y, 07) = —————, (5)
L[]

N
d(ﬁl,ej) = gAeij, A@ij = |7T — |7T — |9z — 9j|||,
sinT'm
2kTr’

M:

where d(0;,0;) is the angular distance between
nodes 4, j on the circle.

1 By sampling from a PDF f(z) we mean that we first compute the
CDF F(z) = f;min da’p(z'), where zmip is the minimum value of
x, then generate a random number u; uniformly at random from
[0,1], and finally compute the value z; such that F(z;) = u;.

The value z; is a sample from the PDF p(x) (or the CDF F(z)).

The S! model is equivalent to the H? model after trans-
forming the expected node degrees k; to radial coordi-
nates r; via

R

i =R —21 — 6
N n K-/Hlln ( )
where R is the radius of the hyperbolic disc in the H?
model where all nodes reside,

N
R:2ln?, (7)

]gsin T (v—2 2
c= — .
2T v—1
It is easy to see that after the above change of variables

the connection probability in Eq. (5) becomes the Fermi-
Dirac connection probability in the H? model,

1
) = 8
p(l'zj) 1+6ﬁ(Iij—R)’ ( )
where z;; = r; +7; +21n % is the hyperbolic distance

between nodes 4,5 [15]. We note that without loss of
generality, we use here a hyperbolic plane of curvature
K = —1. See [15] for further details.

B. Two-layer multiplex model

We now describe our framework for constructing a two-
layer multiplex system with geometric correlations. Each
single-layer (layer 1, layer 2) is constructed according to
the S' model, and we account for correlations among
the hidden variables of nodes in the two layers, whose
strength can be tuned. The extension of the framework
to more than two layers is straightforward and described
in Section VIIC. In a nutshell, our framework consists
of the following steps:

i. Assignment of hidden variables x;,60;; to each
node i in layer 1 like in the S!' model (Egs. (9),

(11));

ii. Assignment of hidden variables kg ;,02,; to each
node ¢ in layer 2, depending on the node’s hidden
variables in layer 1 (Egs. (14), (24))—the assign-
ment here is done such that the marginal (uncon-
ditional) distribution of kg ;, 02 ; is still the one pre-
scribed by the S model (Egs. (12), (11));

iii. Creation of edges, by connecting node pairs in each
layer with the corresponding S! connection proba-
bility, which depends exclusively on the assigned
hidden variables of nodes in each layer (Eqs. (26),

(27));

iv. S'-to-H? transformation, by mapping the hidden
variables k14, k2 to radial coordinates 7,72
(Egs. (28), (29)).



Below, we describe these steps in detail. We assume that
the two layers have the same number of nodes Ny = Ny =
N. The extension of the framework to multiplexes with
different layer sizes is given in Section VIID.

1. Assignment of hidden variables in layer 1. For each
node ¢ =1,2,..., N in layer 1 we sample its hidden vari-
able k1 ; from the PDF

inY1—1 —
pr(k1) = (1 — D™ w1 9)
: — -2
W= (10)

where k; and v, > 2 are respectively the target average
degree and power law degree distribution exponent in
layer 1. The angular coordinate 6;; of each node 7 =
1,2,..., N, is sampled from the uniform PDF

£0) = =, 60,27,

2T

(11)

1. Assignment of hidden variables in layer 2. We now
want to assign to each node ¢ = 1,2,..., N its hidden
variable ko ; in layer 2, conditioned on the value of its
hidden variable kq; in layer 1. At the same time, we
want the kg ;’s to satisfy the marginal (unconditional)
PDF

pa(k2) = (72 — DRZ™ k372, (12)
-2
A=k (13)

where ko and 7, > 2 are respectively the target aver-
age degree and power law degree distribution exponent
in layer 2. Eq. (12) should be satisfied irrespectively of
the correlation strength between the ks ; and 1 ;. To ac-
complish this, we sample the hidden variable k3 ; of each
node ¢ = 1,2,..., N, from the conditional cumulative
distribution function (CDF)

: : /(=v) | 1/(=v)y1-y

FV(K’2|’%17{713727511111113‘%3““}) = 67(&,0} ' +<,0; ' )’

—v v/(1=v) _min 7

y [(p}/(pu) n (p;/(ku)] K@l K1 hy

min Y1 __ ,.min71 ’
IS G k1

i =—In[1- (nﬁnin/m)%*l] ,fori=1,2, (14)

where k7 is the value of the hidden variable of the node
in layer 1, {71, v, K1%, k31" } are the network parameters
defined earlier, and v € [0, 1] is the correlation strength
parameter. The higher the value of v the stronger is
the correlation between kg, and xq;. It is easy to see
that when v = 0 (no correlation between ko ; and k1),
Eq. (14) becomes the marginal CDF of kg, given in
Eq. (18) below. On the other hand, when v — 1 (maxi-
mally correlated k2 ; and k1), Eq. (14) becomes

Fy(/€2|/€1a {713727 K’Ilnina Rgnin})

) K1 (A=71)/(1=72)
=0 K2 — "{IQHm (Kmin> ’ (15)
1

where ©[x] denotes the Heaviside step function. That is,
when v — 1

) K1 (A=71)/(1=72)
H27i = K'I2nm ( Inil) ) (16)
K1
which yields kg ; = k1,3 if H‘Qni“ = n‘lnin and v = 9.

To derive Eq. (14) we use copulas [31]. Copulas are
multivariate probability distributions used to describe
the dependence between random variables. In particu-
lar, any multivariate CDF F'(ky, ..., ) of n random vari-
ables K1, ..., K, can be written in the form F(k1, ..., k) =
C(F1(K1)y s Fn(kn)) where Fy(K1),..., Fr(ky,) are the
marginal CDFs of F(ky,...,ky,), and C is called a cop-
ula. FEach of the marginals of C is uniform in [0, 1],
and there are many parametric copula families available,
which have parameters that control the strength of the
dependence between the random variables [31].

In our case, the random variables are the node hidden
variables k1, ko in layers 1 and 2, whose marginal CDFs
can be computed from Egs. (9), (12),

Fl("fl) =1- H(ll—vl)nrlnin(“fl—l)’ (17)
FQ(KZQ) =1 Hél—’yz)ﬂlznin('yz—l). (18)

For the copula function C, we use the bivariate Gumbel-
Hougaard copula [31], defined as
C,y(u, v) = e~ [(ZInw)"H(=Ino) /7
1
1-v

Hence, our copula reads

(19)

n= € [1,00).

Cy(F1(k1), Fa(k2)) = e~ [(=1n P (k1)) +(= In Fa(x2))"]"/7
(20)
The joint PDF of K1 and K2,
pn(K1, K2, {71, 72, K™, K5""}), can be obtained by
differentiating the copula with respect to k1, k2,

_ 9PCy(Fi(k1), Fa(ka))
B 8/11(9/62 ’

(21)
while the conditional PDF p, (k2|k1, {71, 72, RN mind)
can be written as

pn(ﬁla K2, {71772) ’irlnin7 K'IQnin})

p'r] (52‘517 {’71 » V2 K/linin7 ’%IZHin}) =

1
p1(k1)
The conditional CDF Fj,(k2|r1, {v1,72, fmin
be therefore computed as

pr] (Klla k2, {71) Y2, ’%inin) K:gnin}) (22)

, KIL) can

Fy(kalk1, {71, 72, Hlflinvﬁrznin}) =

K2
/ dlil pTI(Hl|H17{’Yla727’£r1nm”%12mn}) =
K

min
2

0C,(Fi(k1), Fa(k2)) 1
Ok1 p1(k1)




which yields Eq. (14).
The angular coordinate 6p; of each node i =
1,2,..., N in layer 2 is obtained by

27l;
92,1' = HlOd |:01,i + %, 27T:| y (24)

where 6, ; is the angular coordinate of the node in layer
1, and [; is a directed arc length on the S! circle of ra-
dius R = N/2m, which is sampled from the zero-mean
truncated Gaussian PDF

where 09 = min[100, N/(47)] denotes the variance for
g = 0.5 and ¢(z) = \/12—776 377 P(z) = Jdz¢(z), o €
(0,00) is the variance of the PDF, and g € [0,1] is the
angular correlation strength parameter. The higher the
value of g the stronger is the correlation between 6, ; and
01,;. When g — 0, 0 — 00, fs(l) becomes the uniform
PDF, and 02, 01,; are not correlated. When g = 1,
o =0, and /; = 0, meaning that the angles of each node
i are identical in the two layers, 62 ; = 01 ;.

111. Creation of edges. Once all node hidden variables
are assigned, we connect each node pair 4,j in layers 1
and 2 with the corresponding S' connection probabilities

given in Egs. (26), (27) below,
1
ri(k,:, 0145 K1,5,01,5) = ( e (26)
d1(01,4,01,5) | T
1+ [ HiK1,ik1,5 :|
N
di(61,,61,5) = %Aal,ijv
Afy5 = | — [ — (01, — 61,5,
_ sinTim
o= 2];11T7T’
1
ro(Kai, 02,53 Ka,j,02,5) = . (27)
dz(02.1,02.5)
1 [falaate)
ds(02,3,02,5) = %A%,m
A5 = | — [ — (02 — 025,
_ sinTam
H2 = 2]762T27T’

where T € [0,1),T% € [0,1) are the temperatures, which
control clustering in each layer. We recall that the aver-
age node clustering is maximized at temperature 7' = 0,
and nearly linearly decreases to zero with T' € [0,1).

iv. S'-to-H? transformation. Finally, we map the node
hidden variables x4, K2,; in layers 1, 2, to radial coordi-

nates 4,72, using the relations below,

N
;=R —2In mm,R172ln— (28)
K1 1
o — % sinThim (v1—2 2
1 — N~ 2T1 ’Yl*l )
i N
roi =Ry —2In—2L Ry =2In—, (29)
Ko Co
o — T sinTom [ y2 —2 2
2 — h2 2T2 72_1 )

min min

where k", k5™ are given in Egs. (10), (13).

C. Modeling more than two layers

To construct a multilayer system consisting of n layers
(layer 1, layer 2, ..., layer n), we work in the same way as
with the two-layer system described above. Specifically,
for each two consecutive layers j — 1,7, for 2 < j < n,
we first fix their radial and angular correlation strength
parameters v; ;1 € [0,1], g; j—1 € [0, 1] to some desired
values. Subsequently, we assign hidden variables x4 ;, 01 ;
to nodes in layer 1 as described earlier (Egs. (9), (11)),
as well as hidden variables x2;,02; to nodes in layer 2,
conditioned on k1,61, (Egs. (14), (24)). Then, we con-
tinue by assigning hidden variables x;,,6;; to nodes in
layer 3 < j < n, conditioned on the values of the hid-
den variables k;_1;,0;-1,; of the nodes in layer j — 1.
This conditional assignment is done in exactly the same
manner as the assignment of kg ;,02;, which is condi-
tioned on the values of k;4,0: ;. Once all node hidden
variables in all layers are assigned, we create edges in
each layer by connecting each node pair with the corre-
sponding S! connection probability (cf. Eqs. (26), (27)).
Finally, for each layer 1 < j < n, we map the node hid-
den variables x;; to radial coordinates r;; as described
earlier (cf. Egs. (28), (29)). We have used this proce-
dure to construct our three- and four-layer multiplexes
in the main text and in Section XI, where the correlation
strengths between subsequent layers are set to the same
value, vj ;1 =v € (0,1], gj ;-1 =g € [0,1], Vj > 2.

D. Extension to multiplexes with different layer
sizes

Here, we extend our framework to multiplexes with
different layer sizes. Specifically, we consider a two-layer
multiplex with layers 1, 2, which have number of nodes
N1, No. We assume that N; > N, and that there is a
subset of Neommon nodes in layer 1 that also exist in layer
2, Neommon < Na. To construct the two-layer multiplex
we follow the steps below.

(i) Assignment of hidden variables in layer 1. For each
nodet = 1,2,..., Ny in layer 1, we sample its hidden vari-
able k1 ,; as before, i.e., from the PDF p;(k1) in Eq. (9),
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Figure S10. Probability that a node (AS) exists in the
IPv6 Internet given its degree in the IPv4 Internet.

and its angular coordinate 6, ; from the uniform PDF f(9)
in Eq. (11).

(ii) Determining the common nodes. We now need to
decide the N¢ommon nodes from layer 1 that will also be
present in layer 2. The simplest approach is to randomly
select (approximately) Neommon nodes from layer 1, by
sampling each node from layer 1 with the same probabil-

ity v,

Ncommon

y = Seommon, (30)
and declaring each sampled node as a common node that
will also exist in layer 2. However, this random sampling
approach may not be realistic. Indeed, as we have men-
tioned in the main text, nodes with a higher degree in the
IPv4 Internet (larger layer) have a higher probability to
also exist in the IPv6 Internet (smaller layer). Fig. S10
shows the empirical probability for a node (AS) to exist
in the IPv6 Internet given its degree in the IPv4 Internet.
This probability can be approximated by

1

Kl)= ——"—-.
vim) =17 15.4r; -0

(31)

A dependence of the probability that a node exists in
different layers on the degree of the node has also been
observed in several other real multiplexes [32]. There-
fore, a more realistic and general approach is to sample
each node from layer 1 with a probability ¥ (k) that is
a function of its expected degree k1 ;, such that

*° NCOmmOn
/ _deip(ri)pi(k1) = —5—, (32)
fomin 1

where £ is given in Eq. (10). In the main text, we used
the (k1) in Eq. (31) to sample nodes from layer 1 that
also exist in layer 2 of the synthetic multiplex that best
mimics the real IPv4/IPv6 Internet (Fig. 5 in the main
text). The sampling yielded Neommon = 4800, which
is approximately equal to the number of common ASs
(4819) in the real IPv4/IPv6 Internet.

1. Assignment of hidden variables in layer 2. For
the nodes ¢ in layer 2 that do not exist in layer 1 (non-
common nodes), we sample their k3 ;’s from the uncon-
ditional PDF py(k2) in Eq. (12), and their 65 ;’s from the
uniform PDF f(6) in Eq. (11). For the common nodes,
we assign hidden variables ks ;, 82 ;, as described below.

We first compute the PDF p; (k1) of the hidden vari-
ables k1 of the common nodes,

Y(k1)p1(k1)
[ drnto () pi(r)’

p1(k1) = (33)

and the CDF Fy (K1),

Fu(m) = / N ). (34)

min
1

Then, we compute the  conditional = CDF
Fy(k2|k1, {71, 72, &0, k30})  in  exactly the same
manner as in Section VIIB, with the only difference
that in place of Fj(k1) in Eq. (17), we use the Fy(k1)
that we compute in Eq. (34), and instead of pi(k1) we
use p1(k1). That is,

FU(K:2|K:1’ {717 V25 K:Iiﬂin7 'LiIQHin}) =
OC, (Fy(k1), Fa(r2)) 1
Ok1 p1(k1)

, (39)

where Cp(u,v) is the Gumbel-Hougaard copula
(Eq- (19)) and Fy(ke) is given in Eq. (18). The
hidden variable kg, of each common node i is then
sampled from the conditional CDF in Eq. (35). The
angular coordinate of each common node 65 ; is assigned
using Egs. (24), (25) with N = Ns.

iv. Creation of edges. The creation of edges in each
layer is performed as before using the connection prob-
abilities of the two layers in Egs. (26), (27), with the
only difference that now d(61,61;) = 3+A6}; and
dy(02,i,02,5) = 22003,

v. St-to-H? transformation. Finally, we again map the
node hidden variables &1 ;, k2,; in layers 1, 2, to radial co-
ordinates r},r? using Egs. (28), (29), with the difference

that now in these equations we have R; = 21n]c\’—11 and
Ry, =2In i

The above framework can be extended to more than
two layers in the same manner as described in Sec-
tion VIIC. We note that when (k1) is the Internet’s
(k1) in Eq. (31), the conditional CDF in Eq. (35) can
be approximated by

Fu(K’2|’%7 {’727 fi;nin}) = 6_(¢1/(liu)+ﬁp;/(liy))liy

—v  5v/(1—v) . min zvs
% [851/(1_1')4-@;/(17”) ¥ ko K

(36)

— - -,
Hémn:‘{m _ K;12n1n72 P
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Figure S11. k2 as a function of k; at the limit v — 1.
The triangles denote the values of k2 by numerically evaluat-
ing Eq. (35) using the ¢ (k1) in Eq. (31) and the IPv4/IPv6
Internet parameters v; = y2 = 2.1, k"™ = 0.84, k3" = 1.30.
The best-fit line corresponds to k2 = 1.11 + 0.22k;.

where
= —In [1 - (ngﬁn/k)”‘l] :
po=—In [1— (k5™ /o)™
R = 1.11 + 0.22%1, (37)
and k31 is given in Eq. (13).

Eq. (37) is obtained by considering the maximally
correlated case v — 1, where Eq. (35) converges to a
Heaviside step function F,(ka|k1, {71, v2, £P0, kP0}) =
O [k2 — K]. That is, for v — 1, ko = 1.11 + 0.22k1 = &.
This relation is the analogue of Eq. (16), and is obtained
by numerically evaluating Eq. (35) at v — 1, see Fig. S11.
Once this result is known, then for v # 1, we can approxi-
mate Eq. (35) with Eq. (36), which results from Eq. (14)
if in place of k1,1, K", we use &, 7o, k5. The idea
behind this approximation is that instead of directly cor-
relating the ko ,; with the k1, via Eq. (35), we correlate
them via Eq. (36) with the corresponding values of kg ;
at the maximal correlations (v — 1), which in our case
are given by R, = 1.11 + 0.22/{1,1'.

In our synthetic Internet-like multiplex in the main
text (Fig. 5), we sample the hidden variables kg ; of the
common nodes in layer 2 from the conditional CDF in
Eq. (36). In Fig. S12, we show the marginal PDFs of the
kg, of the common nodes at correlation strengths v = 0
(no correlations, where the k3 ; are sampled from their
marginal CDF), v = 0.5 (partial correlations, where the
ko, are sampled from the conditional CDF in Eq. (36)),
and v = 1 (full correlations, where the ko ; are directly
obtained by Eq. (37)). In all cases, the marginal PDFs
are nearly identical, validating the approximation de-
scribed above.

10%
ik

1077
10° 101 102 10°
k

Figure S12. Degree distribution (PDF) in layer 2 of our
synthetic Internet-like multiplex (Fig. 5 in the main
text) at correlation strengths v =0,0.5, 1.

Overlap

Figure S13. Edge overlap O in a two-layer synthetic
multiplex as a function of the radial (v) and angu-
lar (g) correlation strengths. Each layer has N = 30000
nodes, power law degree distribution P(k) ~ k2% k = 10,
and temperature 7" = 0.4.

VIII. GEOMETRIC CORRELATIONS LEAD TO

SIGNIFICANT EDGE OVERLAP

The radial and angular correlations across different lay-
ers naturally give rise to a significant amount of edge
overlap between the layers, as observed in many real mul-
tiplexes [4, 33-36]. The edge overlap O between two lay-
ers (layer 1, layer 2) is formally defined as the ratio of
the number of overlapping (i.e., common) edges between
the layers, to the maximum possible number of common
edges [37, 38],

#(overlapping edges)
min[#(edges in layer 1), #(edges in layer 2)]
(38)
Fig. S13 shows the edge overlap in a synthetic two-
layer multiplex as a function of the radial and angular
correlation strength parameters v, g. We observe that the




overlap increases as we increase the correlation strengths
v, g, and it is maximized at fully correlated coordinates,
v =1,g = 1. For uncorrelated coordinates, v = 0,g = 0,
the overlap is minimized—it can be shown that when
v =0, g = 0, the overlap vanishes in the thermodynamic
limit (N — 00), i.e., as the layer sizes increase.

The edge overlap also depends on the temperature
of the layers. For fixed values of v, g, a higher over-
lap is achieved when the temperature of the layers is
lower. Specifically, if two layers have the same param-
eters N,~,k, T, and v = g = 1, i.e., the node coordinates
in the two layers are identical, then at T = 0 the edge
overlap is 100%, i.e., the topologies of the two layers are
identical.

We note that although strong geometric correlations
imply high edge overlap, the converse is not always true.
That is, high edge overlap by itself, or in conjuction with
degree (radial) correlations, does not necessarily imply
that the hyperbolic geometries of the layers are strongly
correlated. Only if two layers have high edge overlap,
significant degree correlations and high clustering (i.e.,
strong metric structure [30]), then we indeed expect their
hyperbolic geometries to be well correlated, although the
exact strength of this correlation is still not obvious.

IX. ESTIMATION OF THE RADIAL AND
ANGULAR CORRELATION STRENGTHS vg, gr
IN THE IPV4/IPV6 INTERNET

To estimate the empirical vg, we first compute
the Pearson correlation coefficient [39] between the in-
ferred radial coordinates of common nodes (ASs) in the
IPv4/IPv6 Internet. We recall that the Pearson correla-
tion is a measure of the linear correlation between two
random variables X and Y, giving a value between +1
and —1 inclusive, where 1 is total positive correlation,
0 is no correlation, and —1 is total negative correlation.
Formally, the correlation coefficient px y between X and
Y is defined as

XY = E [(X — /"LX)(Y — /J/Y)]7 (39)
OxXO0y

where px,py are the expected values of X and Y and
ox,0y are their standard deviations. Then, we com-
pute the same coefficient between the radial coordinates
of common nodes in our synthetic Internet-like multiplex
(Fig. 5B in the main text), at various radial correlation
strengths v € [0,1]. The value of v where the two coeffi-
cients are equal is the estimated value of vg. Fig. S14A
shows the results, where we obtain vg =~ 0.4.

To estimate gg, we reconstruct IPv4-like and IPv6-
like topologies as follows. We first consider all nodes in
the real IPv4 topology with their inferred radial and an-
gular coordinates, and connect each pair of nodes with
the Fermi-Dirac connection probability p(z;;) in Eq. (8),
using the estimated temperature of the IPv4 topology,
Ty = 0.5, and such that the resulting network has the

same average degree and power law degree distribution
exponent as the real IPv4 topology, k; ~ 5, v1 = 2.1.
Subsequently, we consider all nodes in the real IPv6
topology. We assign to these nodes their inferred ra-
dial coordinates. For the nodes that also exist in IPv4,
their angular coordinates are assigned using Egs. (24),
(25), and are correlated to their real angular coordinates
in IPv4, using different correlation strengths g € [0, 1].
The angular coordinates of the non-common nodes are
set equal to their inferred angular coordinates. Then, we
connect each pair of nodes in IPv6 with the Fermi-Dirac
connection probability p(z;;) in Eq. (8), using the esti-
mated temperature of the IPv6 topology, 7o = 0.5, and
such that the resulting network has the same average de-
gree and power law degree distribution exponent as the
real IPv6 topology, ks =~ 5.2, 7o = 2.1. For the different
values of g, we evaluate the edge overlap O (Eq. (38)) be-
tween the reconstructed IPv4 and IPv6 topologies. The
value of g that matches the edge overlap obtained when
we reconstruct the IPv6 topology with all nodes having
their inferred angular coordinates, is the estimated value

of gg. Fig. S14B shows the results, where we obtain
g ~ 0.4.
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Figure S14. Estimation of vg,gg in the IPv4/IPv6 In-
ternet. A. Pearson correlation coefficient between the in-
ferred radial coordinates of common ASs in the IPv4/IPv6
Internet (straight dashed line), and in our synthetic Internet-
like multiplex at various radial correlation strengths . The
two coefficients are equal at v =~ 0.4 = vg. B. Edge overlap
O between reconstructed IPv4 and IPv6 topologies with in-
ferred radial and angular coordinates (straight dashed line),
and with synthetic angular coordinates for the common nodes
in IPv6, at various correlation strengths g with their inferred
IPv4 angles. The two overlaps are equal at g ~ 0.4 = gg.

X. QUANTIFYING GEOMETRIC
CORRELATIONS

In this section we quantify the strength of geometric
correlations in all the considered real multiplexes, using
two different approaches. First, we consider all layer pairs
and estimate the empirical radial and angular correlation
strengths, vg, gg, as we did in the previous section for the
Internet. However, here we consider only the subgraphs
from each layer consisting of the common nodes, as it



simplifies estimation. Second, we directly quantify the
correlation strength among the inferred radial and angu-
lar coordinates of common nodes between layers. Specif-
ically, we compute the Pearson correlation coefficient p
between the common nodes’ radial coordinates, as well
as the mutual information I [40] between the common
nodes’ angular coordinates.

Mutual information is a more sophisticated measure
than Pearson correlation, which can also measure nonlin-
ear correlation relationships between variables. Formally,
the mutual information between two random variables X
and Y can be written as

1069) = [ [ pen ((g5es s (0

where p(x,y) is the joint probability density function of
X and Y, and p(zx), p(y) are the marginal probability
density functions of X and Y. The higher the mutual in-
formation I(X;Y") the stronger is the correlation between
X and Y. To be able to compare angular correlations
across different layer-pairs we compute the normalized
mutual information NMI,

B I(X;Y)
N = (X X), IV )} (41)

which takes values in [0,1]. NMI = 0 (I(X;Y) =
0) means no correlation between X and Y, while
NMI = 1 means perfect correlation. We note that
I(X; X),1(Y;Y) are the entropies of X and Y. To com-
pute the mutual information between the angular coordi-
nates we have used the k-nearest-neighbor mutual infor-
mation estimator of Kraskov et al. [40], whose implemen-
tation is available at [41]. The estimator computes mu-
tual information based on the distance between k nearest-
neighbor data points, where k is an input parameter to
the estimator. We have used k = 3, following [40] that
proposes using k = 2-4.

Table II shows the results for all layer pairs of all the
considered real multiplexes. In all cases, we observe sig-
nificant radial and angular correlations between the lay-
ers. We note that in the reshuffled counterparts of the
real systems that do not exhibit geometric correlations,
p~0,NMI ~ 0. We observe that the agreement be-
tween p and vg is almost perfect (Fig. SI5A), which is
expected since vg is estimated using p (cf. Fig. S14A). We
also observe a nice positive correlation between gr and
NMTI (Fig. S15B), even though these measures are not
directly dependent. Specifically, NMI is directly com-
puted from the inferred angular coordinates, while the
estimation of gp is based on the edge overlap between
the layers (cf. Fig. S14B), whose value depends not only
on angular correlations but also on radial correlations
and layer parameters. We note that for this reason, to
reliably compare angular correlations across layer-pairs
N M should be used instead of gg.
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Figure S15. Correlation measures for all layer pairs of
the considered real multiplexes. A: Pearson correlation
p between radial coordinates vs. estimated radial correlation
strength vg. B: Normalized mutual information NM1I be-
tween angular coordinates vs. estimated angular correlation
strength gg. The dashed line in each plot corresponds to the
best-fit line.

XI. PERFORMANCE OF MUTUAL
NAVIGATION IN TWO-, THREE- AND
FOUR-LAYER SYNTHETIC MULTIPLEXES.

Figs. S16...S518 show the success rate of angular MGR
(Angular routing) and of MGR (Hyperbolic routing) in
two-, three- and four-layer synthetic multiplexes as a
function of the radial (v) and angular (g) correlation
strengths, and for different layer temperatures 7.

In MGR with n layers (layer 1, , layer n), a node
with a message first computes the distance between its
neighbors and the destination of the message in layer 1,
then it does the same for its neighbors and the desti-
nation in layer 2, and so on. The node then forwards
the message to the neighbor that has the smallest dis-
tance to the destination across all computed distances.
If a message is given back to a node it already visited,
the delivery fails. The success rate is the percentage of
messages that reach their destinations. In Figs. S16...518
the success rate is evaluated across 10° randomly selected
source-destination pairs. In MGR, hyperbolic distances
(x;;) between nodes are used, while in angular MGR only
angular distances (Af;;) are used (Eq. (2)).

We note that in this work the reason we also study
mutual navigation using only the node similarity coor-
dinates is in order to investigate in more depth the ex-
tend to which similarity correlations across layers affect
its performance, since it is the similarity of nodes that
give to each layer an underlying geometry (that when
combined with popularity becomes hyperbolic). Further-
more, there can be cases where nodes do not have access
to the popularity of their neighbors and navigate the net-
work using only the similarity between their neighbors
and the target. This is, for instance, the case in Mil-
gram’s experiment [42]. Finally, similarity coordinates
are also the ones responsible for the formation of commu-
nity structure. Thus, given their importance, we study



Name VE JE p NMI I

arXiv Layers 1, 2 0.45 0.93 0.70 0.58 3.53
arXiv Layers 4, 2 0.34 0.87 0.59 0.49 2.93
arXiv Layers 4, 1 0.28 0.87 0.51 0.46 2.59
arXiv Layers 2, 8 0.30 0.84 0.51 0.42 2.33
Physicians Layers 1, 2 0.47 0.84 0.74 0.41 1.68
arXiv Layers 5, 2 0.22 0.84 0.42 0.41 2.06
arXiv Layers 2, 7 0.08 0.81 0.16 0.40 1.70
arXiv Layers 1, 5 0.21 0.83 0.44 0.39 1.88
arXiv Layers 2, 6 0.25 0.93 0.41 0.38 1.88
Internet Layer 1, 2 0.40 0.40 0.66 0.34 2.48
arXiv Layers 3, 4 0.24 0.81 0.46 0.34 1.62
C. Elegans Layers 2, 3 0.41 0.58 0.69 0.34 1.46
Physicians Layers 1, 3 0.15 0.76 0.29 0.32 1.27
Physicians Layers 2, 2 0.30 0.74 0.49 0.31 1.26
SacchPomb Layers 1, 3 0.13 0.93 0.24 0.31 1.64
SacchPomb Layers 3, 5 0.11 0.71 0.27 0.31 1.16
SacchPomb Layers 2, 3 0.02 0.75 0.10 0.29 1.30
SacchPomb Layers 1, 2 0.11 0.91 0.24 0.29 1.22
SacchPomb Layers 1, 5 0.10 0.96 0.23 0.29 1.97
Drosophila Layers 1, 2 0.47 0.82 0.74 0.26 1.31
C. Elegans Layers 1, 3 0.26 0.44 0.47 0.21 0.91
SacchPomb Layers 1, 4 0.10 0.67 0.19 0.19 0.94
SacchPomb Layers 2, 4 0.12 0.74 0.12 0.19 0.79
Brain Layers 1, 2 0.18 0.42 0.17 0.19 0.60
Rattus Layers 1, 2 0.22 0.87 0.37 0.18 0.90
C. Elegans Layers 1, 2 0.22 0.48 0.47 0.17 0.72
SacchPomb Layers 3, 4 0.09 0.75 0.15 0.17 0.72
Air/Train Layers 1, 2 0.52 0.23 0.74 0.10 0.30

Table II. Estimated radial and angular correlation strengths vg, gr, Pearson correlation p between radial coor-
dinates, normalized mutual information NM[ and mutual information / between angular coordinates, for all
layer pairs of the considered real multiplexes. The results are sorted in the decreasing order of NMI, i.e., from higher
to lower angular (similarity) correlations.

them in isolation to provide both further intuitive in-
sights and investigate their effect on applications. How-
ever, we note that once both the popularity and similar-
ity coordinates of nodes are known, hyperbolic routing
should be performed, which always performs better than
angular routing.

XII. STRETCH AND POTENTIAL COSTS IN
MUTUAL NAVIGATION

So far we have not considered potential costs that may
exist by mutually navigating a multiplex system. Such
costs can be of a very different nature in different real
systems, e.g., ticket costs or traveling time by using the
air network vs. using the train network, small process-
ing times at Internet routers for switching from IPv4 to

IPv6 and vice versa (see below), and so on. Also, there
can be cases with no notion of cost at all, e.g., there
is no obvious cost associated to friendship links in dif-
ferent online social networks through which information
(e.g., news) can be mutually propagated. While MGR
could be extended in order take into consideration some
specific notions of cost depending on the system under
study, e.g., layer switching cost when deciding to switch
between layers, such extensions are beyond the scope of
the present manuscript.

We note that in the Internet multiplex, the IPv4 Inter-
net interoperates today with the IPv6 Internet via a pro-
cess called tunnelling. This is a simple encapsulation/de-
encapsulation procedure, described for instance in [43].
In this process, an IPv4 (IPv6) datagram that needs
to enter an IPv6 (IPv4) network gets encapsulated as
payload in an IPv6 (IPv4) datagram. When the IPv4
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Figure S16. Success rate of angular MGR (Angular routing, top row) and of MGR (Hyperbolic routing, bottom

row) for a two-layer multiplex system as a function of
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Figure S17. Success rate of angular MGR (Angular routing, top row) and of MGR (Hyperbolic routing, bottom
row) for a three-layer multiplex system as a function of the radial (v) and angular (g) correlation strengths.
Each layer has N = 30000 nodes, power law degree distribution P(k) ~ k=25, k = 10, and temperature parameter 7. From

left to right, 7= 0.1,0.4,0.8.

(IPv6) datagram needs to exit the IPv6 (IPv4) net-
work it gets de-encapsulated. The encapsulation/de-
encapsulation overhead (cost) happens at border Internet
Service Provider routers and is virtually insignificant (it
is simply the addition of the size of an IPv4/IPv6 header
of 20/40 bytes, cf. [44]).

Below, we perform a series of experiments that yield
insights related to potential costs in mutual navigation.
In general, the cost of MGR from a source to a desti-
nation is a combination of the number of layer switches
and the number of hops that the process traverses in each
layer, while the cost associated to each hop can in gen-
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Figure S18. Success rate of angular MGR (Angular routing, top row) and of MGR (Hyperbolic routing, bottom
row) for a four-layer multiplex system as a function of the radial (v) and angular (g) correlation strengths.

Each layer has N = 30000 nodes, power law degree distribution P(k) ~ k~2-°, k = 10, and temperature parameter 7. From

left to right, "= 0.1,0.4,0.8.

eral be different in different layers. Therefore, here we
consider two measures that contribute to the total cost
of a delivery: (i) the number of layer switches along suc-
cessful MGR paths; and (ii) MGR’s stretch, which is the
ratio between the hop-lengths of successful MGR paths
and the corresponding topological shortest paths. The
topological shortest paths are the shortest paths in the
aggregated topology of the multiplex, obtained by aggre-
gating the layers. A stretch equal to 1 means that MGR
paths are shortest paths. We compute the mean, max-
imum, and standard deviation of these measures across
10° randomly selected source-destination pairs, and in-
vestigate how these measures behave as a function of the
radial and angular correlation strengths v and g¢.

Fig. S19 shows the results for our synthetic Internet-
like multiplex (Fig. 5 in the main text), and Figs. S20-S22
show results for synthetic multiplexes with the same layer
sizes and 2, 3, or 4 layers. From the figures, we observe
the following. First, we observe that the mean number
of layer switches is small in all cases, and in general it

increases with increasing correlation strengths v and g—
the same behavior holds for the maximum and standard
deviation of this measure. Second, we observe that the
mean stretch is also small (close to 1) in all cases, and
that it decreases with increasing correlation strengths v
and g—the same behavior holds for the maximum and
standard deviation of this measure.

Our results suggest that while stronger geometric cor-
relations tend to increase the number of layer switches,
they also reduce stretch. While the former effect in-
creases the cost of the MGR process, the latter decreases
it. In other words, the cost of additional layer switching
due to stronger geometric correlations is mitigated by re-
duced stretch, with the degree of mitigation depending
on the relative weight/importance of each type of cost
(layer switching vs. stretch). Our results also suggest
that strong geometric correlations not only increase the
success rate of MGR (as shown in the main text and in
Sec. XI), but also make the successful MGR, paths more
efficient (shorter).
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Figure S19. Number of layer switches (first row) and stretch (second row) in MGR (Hyperbolic routing) in the
synthetic Internet-like multiplex (Fig. 5 in the main text). The first column shows mean values, the second column
shows maximum values and the third column shows the standard deviation.
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column shows the standard deviation.
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