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Multiplexity amplifies geometry in networks
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Many real-world networks are multilayer, with nontrivial correlations across layers. Here, we show that these
correlations amplify geometry in networks. We focus on mutual clustering—a measure of the number of triangles
that are present in all layers among the same triplets of nodes—and find that this clustering is abnormally high
in many real-world networks, even when clustering in each individual layer is weak. We explain this unexpected
phenomenon using a simple multiplex network model with latent geometry: Links that are most congruent with
this geometry are the ones that persist across layers, amplifying the cross-layer triangle overlap. This result
reveals a different dimension in which multilayer networks are radically distinct from their constituent layers.

DOI: 10.1103/cm34-kjd4

Complex networks are indispensable tools for mapping
the intricate relationships between units in many real-world
systems. These units are often connected through different
types of interactions [1,2], which lead to distinct network
topologies. This observation led to the study of multiplex net-
works, multilayer structures in which nodes are shared across
layers, but where connectivity profiles can differ between
them [3–11]. Even though the individual networks that make
up the multiplex are, a priori, different, the systems these lay-
ers represent often exhibit correlations [12–15]. While several
works have studied the structural overlap resulting from these
correlations [16–22]—that is, the presence of edges between
the same pair of nodes in multiple layers of a multiplex—a
comprehensive analysis has been lacking.

In this work, we aim to bridge this gap by analyzing the
overlap of higher-order structures such as triangles. We first
survey a large set of real-world multiplexes from different
domains and find that while edge overlap is indeed relatively
high compared to the uncorrelated baseline [13], this effect
is even stronger for triangles. We then explain these results
using the framework of network geometry [23], where nodes
are assumed to lie in a hidden metric space that determines
the likelihood of their connections. The underlying geometry
explains the high levels of clustering—a measure of the num-
ber of triangles—observed in single layer data, even when the
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coupling of the topology to the latent space is weak [24,25].
This is a direct consequence of the triangle inequality, which
states that two nodes that are close to a third in a metric space
must also be close to each other. In real multiplexes, the cor-
relations observed between the latent coordinates of the nodes
in the different layers have been described by the geometric
multiplex model (GMM) [14], where such correlations can
be controlled. Through the introduction of the mutual graph
(MG), an auxiliary single-layer network made up of those
edges that are present in all layers of the multiplex, we study
the interplay between geometric correlations in multiplexes
and the observed triangle overlap. We find that edges most
aligned with the underlying metric space exhibit the great-
est overlap. This amplified geometric coupling leads to the
formation of many geometrically induced triangles defining a
geometric core. This can result in a finite clustering coefficient
in the thermodynamic limit, even when this quantity vanishes
in all individual layers of the multiplex. Thus, the enhanced
geometricity of multiplexes caused by the amplified coupling
can help explain the high levels of triangle overlap found in
real data.

We analyzed 15 real-world multiplexes from various fields,
whose details can be found in Appendix A: Details of real
networks. We investigated the overlap properties by pair-
ing layers. That is, if we have a multiplex with L = 4
layers, we study the overlap of

(4
2

) = 6 unique pairs of
layers. Then, we extracted the mutually connected com-
ponent (MCC) of each pair of layers using the algorithm
introduced in Ref. [26]. This ensures that, in each layer,
there exists a path connecting the analyzed nodes, which
is a necessary condition in our geometric model to define
a meaningful notion of relative distance between them. It
has also been shown that the MCC is relevant for many
applications [27–29]. We will refer to the resulting mutu-
ally connected two-layer system as the pairwise MCC. Note
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that we only analyze these objects if they contain more than
100 nodes because smaller MCCs are prone to finite size
effects. Once this procedure has been completed, we construct
the MG using the same set of nodes as in the pairwise MCC
and by keeping only those edges that are present in both
layers. Of course, we could define our mutual graph differ-
ently. For instance, one could keep edges as long as they were
present in either of the two layers. However, our definition
of the MG, which corresponds to the intersection of the two
layers, is particularly useful for measuring overlap as defined
in previous works [13,16].

First, the average degree 〈̃k〉 of the MG, referred hereafter
as the average mutual degree, measures the amount of edge
overlap between two layers. We note that two sparse, inde-
pendent Erdős-Renyi (ER) network realizations show next to
no overlap. There, the probability of a link being present in
both layers is (〈k〉/N )2, where 〈k〉 is the average degree and
N is the size of the network. This leads to a graph density in
the MG that scales as ∼N−2, or an average mutual degree of
order ∼N−1, resulting in very low values of both quantities in
large-scale networks. In fact, it was shown in Ref. [13] that
these scalings hold for random graphs with arbitrary degree
sequence. However, Fig. 1(a), where we plot the average
mutual degree as a function of the mean average degree of
the two layers, shows that the amount of edge overlap in
real multiplexes is much higher than the null model would
predict. This is in line with past results [13,16,17] and with
the intuition that there should be correlations between layers
leading to similar connectivity patterns. We note, however,
that the MG generally has an average mutual degree much
lower than the individual layers it is based on. In fact, 〈̃k〉 < 1
for many pairwise MCCs.

For a measure of the number of overlapping triangles in
the pairwise MCCs, we focus on the average local clustering
coefficient 〈̃c〉 of the corresponding MG, called hereafter the
mutual clustering coefficient. In order for a triangle to be
present in the MG, it needs to exist in both layers. Intuitively,
this is highly unlikely in the case of independent graphs. In the
Supplemental Material [30], which includes Refs. [25,31], we
show that the mutual clustering coefficient scales as ∼N−2 for
sparse ER networks. However, Fig. 1(b) tells a different story.
Here, we plot the average local clustering of the MG against
the mean of the two single-layer clustering coefficients. We
see that not only does the mutual clustering not tend to zero, it
remains of the same order as that of the single layer graphs. In
some cases, it even exceeds these levels. These results indicate
that the correlations present between layers in multiplex net-
works have an especially strong effect on the triangle overlap.

These results point toward mutual graphs that are sparser
than their corresponding individual layers while at the same
time showing similar levels of clustering. In Fig. 1(c), we
visualize this effect for two layers of the arXiv multiplex. We
notice that the mutual graph indeed has a reduced amount
of edges, even disintegrating into several disconnected com-
ponents. At the same time, most nodes maintain or increase
their local clustering coefficient with respect to the mean
of the local clustering coefficient in the constituent graphs
(�ci = c̃i − (c(1)

i + c2
i )/2 � 0).

Clustering is an essential geometric graph property,
linked to the triangle inequality inherent to all metric
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FIG. 1. (a) The average mutual degree of the MG vs the mean
of the two average degrees of the single-layer networks for several
real multiplexes. One multiplex can result in several data points as
multiplexes with more than two layers are deconstructed into all
possible pairwise MCCs. The style of the data points is the same
for all MCCs corresponding to the same multiplex, and we only
label each type once. For example, MCCs related to the malaria
multiplex are represented by gray hexagons. The black dashed line
indicates the diagonal 〈̃k〉 = (〈k(1)〉 + 〈k(2)〉)/2. (b) The analogous
data for the average local mutual clustering coefficient. The details
of the networks shown in this figure can be found in Appendix
A: Details of real networks. (c) An arXiv pairwise MCC and its
mutual graph. In the bottom two layers, representing the pairwise
MCC, nodes are colored by the local clustering coefficient ci. In
the top layer, representing the MG, the nodes are colored by the
difference between the local mutual clustering coefficient and the
mean of the clustering of the corresponding nodes in the constituent
layers �ci = c̃i − (c(1)

i + c(2)
i )/2. In all layers, nodes with ki � 1 are

not shown as they do not contribute to the average local clustering
coefficient.

spaces. It is therefore appropriate to investigate the reported
empirical observations through the lens of network geome-
try [23]. In particular, we adopt the similarity × popularity
picture [24,32], in which nodes lie in an underlying similarity
metric space modeled as a circle, where nearby vertices are
thought to be more similar and therefore more likely to be
connected. Simultaneously, some nodes are more popular than
others, implying that they will form more connections and end
up with higher degrees [24].

In the multiplex setting, this idea is formally imple-
mented through the GMM [14] (see Appendix B: Geometric
multiplex model). In the GMM, the different single layer
networks making up the multiplex are embedded in an
underlying similarity space, such that each node is as-
signed an angular coordinate θ

(l )
i in each layer and pairs

of nodes are separated by similarity distances d (l )
i j = R�θ

(l )
i j ,

where �θ
(l )
i j = |π − |π − |θ (l )

i − θ
(l )
j ||. The popularity di-

mension is incorporated by assigning to each node a
hidden degree κ

(l )
i , which are chosen such that the observed
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FIG. 2. (a) The scaling exponent σc of the mutual clustering coefficient 〈̃c〉 ∼ Nσc as a function of the geometric couplings β1 and β2 of
the constituent graphs for fully correlated layers and homogeneous degree distribution. The black dashed lines define five nonoverlapping
regions of the parameter space, based on how the mutual clustering coefficient relates to its single layer counterparts. The parametrization of
these lines can be found in the Supplemental Material [30]. (b) The scaling exponents σc as a function of β = β1 = β2 for various power law
exponents γ . Results were obtained by numerical integration of Eq. S42 in the Supplemental Material [30] for N ∈ [106, 109]. The inset shows
the analytic result (see the Supplemental Material [30] for details) for σc as a function of γ when β = 0. (c) The mutual clustering coefficient
as a function of β = β1 = β2 for various correlation strengths g ∈ [0, 1]. In all cases, the individual layers were generated with N = 32 000,
γ = 50, 〈k〉 = 20, and ν = 1. (d) The mutual clustering coefficient as a function of the degree distribution exponent γ = γ1 = γ2. Various
correlations strengths ν ∈ [0, 1] are shown. The individual layers use N = 32 000, β = 0, 〈k〉 = 20, and g = 1. The relation between the
geometric couplings of the MG and that of its constituent graphs for homogeneous [panels (e) and (g)] and heterogeneous degree distributions
[panels (f) and (h)]. The black dotted line corresponds to the effective coupling β̃ = 1. Perfect correlations are studied in panels (e) and (f),
whereas weaker correlations are explored in panels (g) and (h). For all realizations, N = 1500 and 〈k(1)〉 = 〈k(2)〉 = 50.

degree distribution in a certain layer l has a power law
tail P(l )(k) ∼ k−γl . The connection probability between
two nodes is

p(l )
i j ∼ (

d (l )
i j

)−βl
(
κ

(l )
i κ

(l )
j

)max(1,βl )
. (1)

These steps imply that each layer can be seen as a realization
of the single-layer geometric S1 model [24]. In the GMM, the
correlations between the angular coordinates across layers are
controlled through the parameter g. Perfectly correlated multi-
plexes will have equal coordinates in all layers and correspond
to g = 1. When g = 0, the layers are uncorrelated. In this
case, a node’s coordinate in one layer is drawn independently
from that node’s coordinates in other layers. Similarly, the
correlations of hidden degrees are controlled through the pa-
rameters ν. The parameter βl controls the geometric coupling
strength of the lth layer to its underlying similarity space,
determining how strongly the distance between two nodes
influences the probability of a connection between them. In
the single-layer case, β is the tuning parameter of a clustering
phase transition [24]. In the strongly geometric regime, with
β > 1, clustering is finite. If β � 1, corresponding to the
weakly geometric regime, it vanishes in the thermodynamic
limit. Nevertheless, this decay is very slow, especially in the
quasigeometric regime β ′

c < β � 1 [25]. Here, the exact value
of the transition point β ′

c depends on the degree distribution.
We first investigate whether this geometric framework

can explain the clustering results obtained in Fig. 1(b). The

clustering coefficient of a node i is the probability that a pair
of randomly chosen neighbors are neighbors themselves. In
Appendix C: Multiplex hidden variable models, we generalize
the results from Ref. [33], where hidden variable models for
single layer networks were studied, to the multiplex setting.
This allows us to obtain exact scaling results for the average
clustering coefficient in the MG for some limiting cases.

The first case is that of perfectly correlated layers (g, ν =
1) with homogeneous degree distributions. In the Supplemen-
tal Material [30], we show analytically that, here, clustering
scales with the system size as a power law 〈̃c〉 ∼ Nσc (β1,β2 ).
In Fig. 2(a), we plot the dependence of the exponent
σc(β1, β2) ≡ σc on the geometric couplings of the two con-
stituent networks. We can distinguish five regions based on
whether the mutual clustering decays faster or slower than its
single-layer counterparts. In region I, β1, β2 > 1 and so both
layers are highly clustered. This behavior is carried over to the
MG, where clustering remains finite, and so σc(β1, β2) = 0.
In regions II and III, one layer is in either the geometric or
quasigeometric regime, whereas the other is weakly geomet-
ric. The scaling behavior of the mutual clustering then lies
in between that of the individual layers. In region IV, both
layers are weakly geometric with β1, β2 � 1. However, the
decay of the clustering coefficient is slower than that of the
individual layers, implying the presence of significant levels
of overlapping triangles. In particular, when 1 � β1 = β2 �
1/2, mutual clustering remains finite for all N even though
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it vanishes in the large size limit of each separate layer. The
fact that clustering decays very slowly in these regions is in
line with the empirical results in Fig. 1(b). Only when both β1

and β2 are very small (region V) does clustering decay fast.
In fact, the scaling here is equivalent to that of the explicitly
nongeometric case, where β1 = β2 = 0.

In the Supplemental Material [30], we generalize these
results to the L-layer case. We show that the region of constant
clustering is enhanced for MGs constructed from more layers.
In the most extreme case, when the βl ’s in all L layers are
equal, the transition point shifts to βc = 1/L. This implies
that, here, the clustering phase transition vanishes in the large
L limit so that clustering in the mutual graph becomes size
independent.

Real networks are rarely homogeneous and we, therefore,
investigate numerically the effect of degree heterogeneity on
the scaling of the clustering coefficient, focusing on the region
β1 = β2 ≡ β. In Fig. 2(b), σc is plotted against β for γ = 2.5,
γ = 3.5, and γ = 6. We observe that the constant clustering
for β > 1/2 found in the homogeneous case is also present for
heterogeneous networks. In fact, for 2 < γ < 3, this region is
extended all the way down to β = 0. For networks with less
pronounced heterogeneity (γ > 3), the clustering does start to
decrease for β < 1/2. In the Supplemental Material [30], we
verify these results with analytic solutions for the explicitly
nongeometric case β = 0. The results of these calculations
are shown in the inset of Fig. 2(b). In Figs. 2(c) and 2(d),
we explore the effect of imperfect correlations across layers
(g, ν < 1). In all cases, reduced correlations lead to weaker
mutual clustering.

The fact that both degree heterogeneity and geome-
try can lead to high clustering raises the question as to
which effect is more important for the real multiplexes de-
scribed in Fig. 1. In the Supplemental Material [30], we
perform degree preserving randomization [34] on the indi-
vidual multiplex layers, effectively decoupling them from
their underlying metric spaces. We show that in almost all
cases, this strongly decreases the mutual clustering, high-
lighting the importance of geometry. We also note that the
decrease is less pronounced, or even absent, in the case
of high degree heterogeneity, in line with our findings in
Fig. 2(b).

We perform a similar analysis for the average mutual de-
gree 〈̃k〉 in the Supplemental Material [30]. Correlations in
both the similarity and the popularity dimensions can lead to
increased levels of edge overlap. However, the extended re-
gions of constant overlap found for triangles are not observed
in the case of edges. Only when both layers are strongly geo-
metric (β1,2 > 1) does one observe a constant average mutual
degree. This is once again in line with our observations in
real-world multiplexes, where edge overlap is relatively low
in comparison to that of triangles. It also highlights the fact
that high mutual clustering can exist even when edge overlap
is low.

Thus far, we have shown that the GMM can reproduce our
findings for real data. However, we still lack an explanation as
to why the MG has such surprisingly high levels of clustering.
In the single layer case, a higher-geometric coupling implies
higher levels of clustering due to a larger influence of the
triangle inequality present in the underlying metric space. It is

therefore pertinent to study the effective geometric coupling
of the MG.

To this end, we employ the tool Mercator [35,36], which
uses a combination of machine learning and maximum like-
lihood techniques to faithfully embed networks into their
hidden popularity × similarity spaces. It has been shown that
artificial networks generated using this embedding reproduce
important features of the original network, such as the degree
distribution and the clustering spectrum. In this Letter, we
specifically leverage the tool’s estimation of the parameter β

from the observed clustering coefficient.
We first embedded several artificial mutual graphs con-

structed from pairs of S1 networks at varying β1 and β2 to
obtain their effective geometric coupling β̃. In order to obtain
a fully connected MG, we set the average degrees of the
individual layers to be relatively large (〈k(1)〉 = 〈k(2)〉 = 50).
The results of this procedure are shown in Figs. 2(e)–2(h).
There, the dotted line indicates the contour β̃ = 1, which
marks the transition point between the strongly and weakly
geometric regimes. In panel (e), we focus on homogeneous
degree distributions and perfect correlations. Notably, the su-
percritical regime β̃ > 1 extends deep into the region, where
one or two of the constituent layers is weakly geometric. This
occurs because the S1 connection probability is a decreasing
function of the distance, meaning that nodes within indi-
vidual layers predominantly form short-range connections.
It is therefore much more likely that these are present in
both layers. These short links are more closely aligned with
the underlying metric space, which strengthens the effective
geometric coupling β̃ and explains how weakly geometric
layers can produce strongly geometric mutual graphs. This
effect is strongest when the geometric couplings of the in-
dividual layers are equal. In the Supplemental Material, we
show that, in this case, the geometric coupling in the GM
is given by β̃ � β1 + β2 ≡ 2β. The enhanced supercritical
regime is robust to variations in the degree distribution, as
evidenced in panel (f), which incorporates degree heterogene-
ity. Panels (g) and (h) show that while reducing correlations
in the similarity dimension (e.g., setting g = 0.5) lead to
more weakly geometric mutual graphs, variations in the cor-
relation strength within the popularity dimension have little
effect.

Finally, we performed the same analysis on the real-world
multiplexes. We embedded the individual layers of their pair-
wise MCCs as well as the corresponding MG. Note that the
MG for empirical networks generally has a low average mu-
tual degree, and might not be fully connected. In this case, we
only embed the giant connected component (GCC) if this net-
work has more than 50 nodes. The behavior in Fig. 3(a) is in
agreement with the model as the inferred effective coupling β̃

is mostly high. In Fig. 3(b), we see that generally β̃ > 1, even
when one of the two layers is weakly geometric. In Fig. 3(c),
we show that it is mostly the short, geometric edges that exist
in both layers of the multiplex, leading to a shorter average
distance 〈�θ〉E between the connected nodes in the mutual
graph than in the individual layers. Of course, the increase
in the geometricity of the empirical MGs is attenuated by
the fact that real multiplexes do not have perfect correlations
between the layers [14,37]. However, the enhanced geometry
in these real multiplexes, where the mutual graph consists of
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FIG. 3. (a) The relation between the geometric couplings of the
mutual graph and constituent single layer networks for several real
multiplexes. White color corresponds to the transition point β̃ = 1.
(b) The effective coupling β̃ is plotted against the smallest of the
geometric couplings of the underlying layers. (c) The relationship
between the average angular distance of connected nodes in the
mutual graph and the mean of the average angular distances in the
two corresponding single-layer MCCs.

mostly short, geometric edges, helps explain the high levels of
triangle overlap reported in Fig. 1(b).

In this Letter, we have shown that edge and triangle overlap
are higher than expected in many real multiplexes, with the
effect being especially stark for triangles. We analyzed these
results through the lens of network geometry, showing that the
geometric multiplex model explains real-world observations.
The edges that are most congruent with the underlying met-
ric space are the ones present in all layers of the multiplex.
This leads to an enhanced effective geometric coupling in the
mutual graph, which is made up of the edges present in all
layers. We confirm this effect in both synthetic and real-world
multiplexes.

We expect this enhanced geometry, and the resulting
triangle overlap, to have significant implications for dy-
namical processes unfolding on such multiplex systems.
Geometric correlations are known to influence a variety
of dynamical processes, including navigability using proto-
cols such as greedy routing (GR) [38] and the formation
of Turing patterns in reaction-diffusion systems [39], as
well as mitigating the extreme vulnerability of multiplex

networks to targeted attacks [40]. Consequently, by con-
trolling the geometric amplification and with it the levels
of clustering in the multiplex, it is possible to influ-
ence transition thresholds, communicability, pattern forma-
tion, and network resilience. Furthermore, it was shown
in Ref. [20] that overlapping edges have a strong ef-
fect on spreading dynamics on multiplexes. These av-
enues will be explored in future work, within a broader
context that investigates the interplay between dynamical
processes and geometric networks. Finally, we note that,
much like multiplex percolation [41,42] or the rich phase
space of multilayer superconductor networks [43], the emer-
gence of multilayer-enhanced geometry is a genuinely new
phenomenon—one that has no analog in the single-layer
setting.
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Appendix A: Details of real networks. The following is a
summary of the details of the real multiplexes used in this
Letter. Further details can be found in the Supplemental Ma-
terial [30].

ArabidopsisG, DrosophilaG, HsapiensG, MusG, RattusG,
SacchcereG, and SacchpombG [44]: Genetic multiplex net-
works for various organisms. The layers represent different
types of genetic interactions.

arXiv [45]: A coauthorship network among researchers
who posted preprints to arXiv, where all papers up to May
2014 are taken into account. Layers represent one-mode pro-
jections from underlying author-paper bipartite networks for
different subfields.

CelegansC [46]: A connectome of the flatworm
Caenorhabditis elegans. The different layers represent
different synaptic junctions.

Diseasome1, Diseasome2 [47]: Two multiplex networks of
human disease. The first network is based on data from the
genome-wide association study whereas the second uses the
Online Mendalian Inheritance in Man catalog. Layers repre-
sent one-mode projections from underlying bipartite networks
based on phenotype and genotype.

Physicians [48]: A sociometric multiplex investigating the
adoption of a new drug, tetracycline, by a group of physicians.
Layers were generated with results from different questions
about the relationships between physicians.

MoscowAthletics, NYClimateMarch [49]: Multiplex net-
works representing activity among users on Twitter during the
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2013 world championships in athletics held in Moscow and
the 2014 people’s climate march held in New York. Different
layers represent different types of twitter interactions.

Internet [14]: The multiplex of the internet at the level of
autonomous systems (AS). These AS nodes are parts of the
internet infrastructure administered by a single company or
organization. Two nodes are connected if they interchange
information packets. Different layers represent different types
of destination addresses.

Malaria [37]: The multiplex of recombinant antigen genes
from the human Malaria parasite Plasmodium falciparum,
where nodes are var genes encoding for an antigen protein
expressed on the surface of the infected red blood cell. These
var genes are capable of interchanging bits of genetic infor-
mation, thus creating a vast amount of slightly different genes
that in turn create highly varying antigens that are hard for the
human immune system to detect. Two nodes are connected
if they share a substring of nucleotides of significant length,
indicating that an interchange of genetic material between
the two nodes has taken place. The different layers represent
different highly variable regions.

Appendix B: Geometric multiplex model. In this Appendix,
we explain in detail how one can generate geometric mul-
tiplexes with tunable correlation strengths using the odel
(GMM. This multiplex variant of the S1 model starts by
drawing angular coordinates from the uniform distribution
U (0, 2π ) and hidden degrees from the Pareto distribution
ρ(κ ) ∝ κ−γ , where γ encodes the heterogeneity of the dis-
tribution. These are then the assigned hidden variables of the
first layer in the multiplex.

The similarity coordinates of the second layer are then
drawn with respect to the first such that the correlation be-
tween them can be tuned. Take a node i in layer l = 1 with
angular coordinate θi. We then want to draw a new coordinate
from a truncated Gaussian centered around this coordinate:

θ
(2)
i = mod

(
θ

(l )
i + 2π li

N
, 2π

)
, (B1)

where li ∈ [−N/2, N/2] is the arc distance from the original
coordinate along the circle with radius R = N/(2π ). It is
drawn from the truncated Gaussian with probability density
function

fσ (l ) = 1

σ

φ
(

l
σ

)
�

(
N
2σ

) − �
(− N

2σ

) , (B2)

where φ(x) = 1√
2π

e− 1
2 x2

is the probability density function
of a standard normal distribution and �(x) is its cumulative
distribution function �(x) = 1

2 (1 + erf(x/
√

2)). The scaling
factor σ , which is related to the variance of the truncated
Gaussian, is defined as

σ = σ0

(
1

g
− 1

)
, (B3)

where σ0 = min(100, N/(4π )). It is clear that g ∈ [0, 1] is the
parameter that tunes the correlation between the two layers.
When g → 0, σ → ∞ and the Gaussian becomes flat. The
coordinate of node i in layer l = 2 is uniformly sampled,
irrespective of its location in the first layer. The correlation
between the two layers is therefore zero. On the other extreme,

when g = 1, σ vanishes, which implies that the Gaussian
becomes a Dirac delta, leading to θ

(2)
i = θ

(1)
i for all i, and

therefore perfectly correlated coordinates between the layers.
In the popularity dimension, we have the added constraint

that the marginal distribution of hidden degrees in the second
layer should still be Pareto with some average degree 〈k(2)〉
and exponent γ2, both of which might or might not be different
to the ones in the first layer.

In the original publication [14], it was shown that this is
achieved if the hidden degrees in layer l = 2 are drawn from
the following cumulative distribution function:

Fν

(
κ

(2)
i

∣∣ κ (1)
i

) = exp
( − (

ϕ
1/(1−ν)
1 + ϕ

1/(1−ν)
2

)1−ν)
× (

ϕ
1/(1−ν)
1 + ϕ

1/(1−ν)
2

)−ν

× ϕ
ν/(1−ν)
1 κ

(1)
0

(
κ

(1)
i

)γ

1

κ
(1)
0

(
κ

(1)
i

)γ

1 − κ
(1)
0 κ

(1)
i

, (B4)

where

ϕl = − ln

⎛⎝1 −
(

κ
(l )
0

κ
(l )
i

)γl −1
⎞⎠. (B5)

It is now the parameter ν ∈ [0, 1] that sets the strength of the
correlation between the two layers. When ν = 0, it can be
shown that Eq. (B4) reduces to F0(κ (2)

i ) = 1 − κ
(2)
i (κ (2)

0 )γ2−1,
which is just the Pareto cumulative density function, and does
not depend on κ

(1)
i . The two layers are thus independent.

When ν = 1, we see that Eq. (B4) becomes a step function,
leading to κ

(2)
i = κ

(2)
0 (κ (1)

i /κ
(1)
0 )(1−γ1 )/(1−γ2 ). Here, the corre-

lation between the two layers is perfect; the largest hidden
degree in layer l = 1 is related to the largest hidden degree in
layer l = 2, etc.

If more layers are present, this process is continued, gen-
erating the hidden variables in layer l on the basis of those
in layer l − 1. In principle, one could choose to vary g and
ν parameters, leading to some pairs of layers that are more
strongly correlated than others. In this work, we choose them
identical between all layers.

When all hidden variables are assigned, the nodes in the
different layers are connected using connection probabil-
ity (1), where each layer can have a distinct μ̂l and βl . The
process of connecting the nodes introduces no new correlation
into the system; each edge is placed independently.

Appendix C: Multiplex hidden variable models. In this Ap-
pendix, we extend the hidden variable framework developed
in Ref. [33] to multiplex networks. We assume that each node
has an L-dimensional vector h associated with it, where the
entries of the vector represent the different layers. For the two-
layer, homogeneous GMM this means that h = {θ (1), θ (2)}. In
the following, we assume the entries to be scalars for nota-
tional simplicity. However, the results are trivially extendable
to higher dimensional entries, required, for example, in the
case of the heterogeneous GMM, where also hidden degrees
are present.

(i) The average mutual degree. Take two nodes with asso-
ciated hidden variable vectors h and h′. The probability that
they are connected, here denoted by h ∼ h′, is given by the

L042046-6



MULTIPLEXITY AMPLIFIES GEOMETRY IN NETWORKS PHYSICAL REVIEW RESEARCH 7, L042046 (2025)

mutual connection probability

p̃(h, h′) ≡ P(h ∼ h′) =
L∏

l=1

pl (h
(l ), h′(l ) ), (C1)

where we have used the fact that the edge placement is uncor-
related.

To obtain the total amount of edges, we marginalize over
the hidden variables h, h′ and multiply by

(N
2

)
as all nodes are,

a priori, identical. To perform this marginalization, we need
the probability density function of the hidden variable vector
ρ(h). In line with the GMM, we assume that the assignment
of hidden variables in the different layers is Markovian; the
hidden variables of layer l + 1 only depend on layer l . This
allows us to write the desired probability density function as

ρ(h) = ρ(h(1) )
L∏

l=2

ρ(h(l )|h(l−1)). (C2)

Finally, we obtain for the expected amount of links the fol-
lowing expression:

〈M̃〉 =
(

N

2

) ∫∫
dLhdLh′ρ(h)ρ(h′) p̃(h, h′), (C3)

where we have introduced the L dimension integral measure
dLh = ∏L

l=1 dh(l ).
(ii) The average local clustering coefficient. The average

local clustering coefficient is defined as the probability that

two neighbors of a node are also connected to each other. Say
we have a node with hidden variable vector h connected to two
nodes with h′ and h′′, respectively. Given this situation, the
probability of the triangle being closed is given by Eq. (C1),
the mutual connection probability.

The first step in deriving the average local clustering co-
efficient is finding the expected clustering coefficient of a
node with hidden variable vector h. To this end, we need to
marginalize the mutual connection probability over h′ and h′′,
which requires the probability that a node with hidden variable
h is connected to a node with h′ (and equivalently to a node
with h′′). In Ref. [33], this was derived to be

P(h ∼ h′|h) = ρ(h′) p̃(h, h′)
N−1E(k|h)

, (C4)

the probability that a randomly chosen node has hidden vari-
ables h′ times the probability that the node h is connected to it,
where normalization has been taken into account. Marginaliz-
ing over the hidden variables of the neighbors, we obtain

E(c|h) =
∫∫

dLh′dLh′′ρ(h′)ρ(h′′) p̃(h, h′) p̃(h, h′′) p̃(h′, h′′)
N−2E(k|h)2

.

(C5)
Finally, marginalizing over h, we obtain the average local
clustering coefficient

c =
∫

dLhE(c|h). (C6)
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