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Feature-enriched hyperbolic network geometry
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Graph-structured data provide an integrated description of complex systems, encompassing not only the
interactions among nodes, but also the intrinsic features that characterize these nodes. These features play a
fundamental role in the formation of links within the network, making them valuable for extracting meaningful
information. In this paper, we present a comprehensive framework that treats features as tangible entities and
establishes a bipartite graph connecting nodes and features. By assuming that nodes sharing similarities should
also share features, we introduce a hyperbolic geometric space where both nodes and features coexist, shaping
the structure of both the node network and the bipartite network of nodes and features. Through this framework,
we can identify correlations between nodes and features in real data and generate synthetic datasets that mimic
the topological properties of their connectivity patterns. Notably, node features are at the core of deep learning
techniques, such as graph convolutional neural networks (GCNs), offering great utility in downstream tasks.
Therefore, our approach provides insights into the inner workings of GCNs by revealing the intricate structure
of the data.
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I. INTRODUCTION

The formation of links in complex networks has been a
central topic in network science research over the past two
decades. Understanding the mechanisms that drive interac-
tions between individual elements is crucial for unraveling
the behavior of the entire system. A key approach to this
challenge is network geometry [1], which embeds networks
in metric spaces to capture their underlying topological
properties [2–4].

While traditional mechanisms of link formation, such as
preferential attachment [5], focused solely on topological
structure, they often overlooked the role of node features,
which are also essential to the link formation process. With
the increasing availability of graph-structured data—networks
enriched with annotated features—it has become possible
to analyze how features influence network structure, leading
to insights into community detection [6–10] and percolation
properties [11]. A critical open question remains: How can
we effectively model not just network topology but also the
influence of features on link formation?

This challenge is particularly relevant in the context of
graph convolutional networks (GCNs), which have become
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essential tools for analyzing graph-structured data. GCNs
extend classical convolutional neural networks (CNNs) to ir-
regular, graph-like data, allowing them to capture both local
and global structures in a graph by aggregating information
from neighboring nodes [12–26]. These capabilities make
GCNs effective for tasks such as node classification, link pre-
diction, and graph classification. However, like many machine
learning models, GCNs have been criticized for their lack of
interpretability [27].

An implicit assumption in GCNs is that connected nodes
are likely to share similar features. This assumption un-
derscores the need to first understand the structure of the
underlying data before improving model explainability. With-
out a clear understanding of the correlations between network
topology and node features, it remains difficult to explain
why certain predictions are made by GCNs. Recent work
in the field of GCNs has explored some methodologies to
enhance their explainability. For instance, attribution methods
enhance the interpretability of GCNs by highlighting which
parts of the input data are most influential in the decision-
making process of the model [28]. Nevertheless, a deeper
understanding of the underlying data is essential for advanc-
ing the explainability of these models.

In this paper, we introduce a novel framework based on hy-
perbolic geometry to model real-world graph-structured data.
Hyperbolic geometry naturally supports scale-free networks
and effectively embeds high-dimensional hierarchical struc-
tures into lower-dimensional space. This geometry aligns well
with the hierarchical, clustered, scale-free, and small-world
characteristics often observed in real-world networks, offering
robust modeling and interpretation. Our approach has two crit-
ical contributions. First, we consider features as real entities
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that define a bipartite graph of nodes connected to features
which, for real systems, shows a complex topological orga-
nization. This builds on the understanding that node features
are crucial in determining network structure [29,30]. Second,
we propose a hyperbolic embedding where both nodes and
features coexist in the same geometric space. In this frame-
work, nodes are similar if they share features, and features are
similar if they share nodes. This framework allows us to cap-
ture the correlations between nodes and features in real data
and to generate synthetic datasets that accurately replicate the
topological properties of real networks. The proposed model
marks a preliminary step in a promising research direction,
establishing the foundation for a future feature-aware embed-
ding method in hyperbolic space, which could improve the
interpretability of GNNs.

II. RESULTS

A typical graph-structured dataset consists of a set of Nn

nodes forming a complex network Gn and a set of Nf fea-
tures associated with the same set of nodes. The features are
usually binarized, so the set of features for a given node i
is represented as a vector �fi ∈ {0, 1}Nf with entries of zero
or one, indicating the presence or absence of a particular
feature. For example, the Cora dataset is a standard bench-
mark used in GCN studies. It is defined by a citation network
among scientific publications—or nodes—and each publica-
tion is characterized by a vector, where the entries indicate
the presence or absence of specific words—or features—from
a unique dictionary.

A. Detecting correlations between nodes and features

As mentioned earlier, for GCNs to be effective, there must
be a correlation between the features of nodes and the under-
lying graph topology Gn. Therefore, it is essential, not only
to prove that, indeed, this correlation is present in real-world
datasets, but also that it has a geometric nature.

As a preliminary step to measure the correlation between
topology and features, we can compute the cosine similarity
of binary feature vectors assigned to each node in Gn. Specif-
ically, we calculate the average cosine similarity between
connected pairs of nodes in Gn and compare it to the average
cosine similarity of an equally sized set of node pairs that are
unconnected in Gn, which is equivalent to the set of connected
pairs in its complementary graph Gn. The complementary
graph Gn is generated using the same set of vertices as Gn, with
two nodes being connected if and only if they are unconnected
in Gn. As a result, the correlation between the nodes’ features
and the network structure is given by

corr = CS(Gn) − CS(Gn)

CS(Gn)
, (1)

where CS(Gn) represents the average cosine similarity in Gn

and CS(Gn) represents the same quantity for randomly se-
lected sets of connected node pairs in the complementary
graph Gn.

Table I presents the correlations in the real dataset, aver-
aged over 100 different randomly selected sets of unconnected
node pairs in Gn, along with their standard deviations. These

TABLE I. Parameters of the bipartite network Gn, f for the ana-
lyzed datasets. Parameter β for Gn is directly inferred by Mercator
and corr represents the correlation between nodes’ features and the
network structure.

Network Nn Nf 〈kn〉 〈k f 〉 βb β corr

Cora 2708 1432 18.17 34.37 0.9 1.6 2.02 ± 0.05
Facebook 12374 3720 7.54 25.09 2.0 1.7 8.86 ± 0.09
Citeseer 3264 3703 31.75 27.98 0.9 1.6 3.32 ± 0.06
Chameleon 2277 3132 21.55 15.66 1.0 1.6 2.53 ± 0.03

results indicate a clear correlation between the nodes and their
associated features.

B. Modeling the network: The S1/H2 model

To fully characterize such complex graph-structured data,
we must first understand the complex network Gn that defines
the relationships between nodes. In CNNs applied to images,
for instance, this network is defined by the nearest neighbors
in a two-dimensional grid of pixels. However, in complex
graph-structured data, the relationships between nodes are
better described by a complex network with intricate topolog-
ical properties. Our research over the last decade has shown
that complex networks, such as the ones of interest in this con-
text, can be accurately characterized using geometric random
graph models [1]. Random graph models help in generating
synthetic networks that mimic the structural properties of real-
world networks, enabling researchers to study and understand
these properties in a controlled manner [31]. Moreover, they
can serve as null models by randomizing networks to have
some of the same properties as real networks, thereby statis-
tically assessing the existence or magnitude of properties of
interest in empirical networks [32,33].

In geometric random graph models, nodes are positioned
in a metric space, and the probability of connection be-
tween nodes depends on their distances in this space. This
approach has led to the emergence of network geome-
try as a field, providing a comprehensive understanding of
real complex networks. Geometric models in a latent hy-
perbolic metric space have proven effective in generating
networks with realistic topological properties, including het-
erogeneous degree distributions [2,3,34], clustering [3,34–
36], small-worldness [37–39], percolation [40,41], spectral
properties [42], and self-similarity [2]. They have also been
extended to encompass growing networks [4], weighted
networks [43], bipartite networks [44,45], complementarity
driven networks [46], multilayer networks [47,48], net-
works with community structure [49–51], and serve as the
basis for defining a renormalization group for complex net-
works [52,53]. In this case, this approach is particularly
interesting as it naturally introduces the concept of an underly-
ing similarity space, allowing the unambiguous quantification
of similarity between nodes.

To describe the network between nodes Gn, we employ
the S1 model, also known as the geometric soft configura-
tion model [2,3,54,55]. The S1 model plays a crucial role in
network geometry by mapping nodes onto a one-dimensional
circle in a way that naturally encodes their similarity
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FIG. 1. Illustration of the bipartite model used to describe graph
structured data. The sketch at the top depicts the generation of a net-
work using the S1 model. The bottom part illustrates the generation
of the bipartite network between nodes (green circles), keeping the
same angular coordinates, and features (rounded purple squares).

regardless of their popularity. Its elegance lies in capturing the
hidden geometric constraints that shape how nodes connect,
providing a low-dimensional yet powerful representation of
complex networks. By assigning angular positions to reflect
how similar or related nodes are, the S1 model reveals un-
derlying community structures that might otherwise remain
obscured. This model not only offers deeper theoretical in-
sights into the geometric nature of network connectivity but
also facilitates practical applications, such as enhanced link
prediction and community detection, to name just a few.

Specifically, in the S1 model, each node is assigned two
hidden variables (κ, θ ), where κ determines its expected de-
gree, quantifying its popularity within the network, and θ

encodes similarity for all attributes of the node (apart from its
degree) representing its position on a one-dimensional sphere
of radius R = Nn/2π . This sphere represents the abstraction
of the similarity space where nodes are placed [56]. The con-
nection probability between two nodes with hidden variables
(κ, θ ) and (κ ′, θ ′) is defined as follows:

p(κ, κ ′,�θ ) = 1

1 + χβ
with χ ≡ R�θ

μκκ ′ , (2)

where �θ = π − |π − |θ − θ ′|| represents the angular sepa-
ration between the nodes, μ = β

2π〈k〉 sin π
β

is a parameter that
fixes the average degree 〈k〉 (see the top part of Fig. 1), and
β > 1 [57] is the inverse of the temperature of the graph
ensemble and determines the level of clustering in the net-
work. Note that clustering refers here to transitive relations
represented as triangles in the network’s topology. The hid-
den variables of the nodes can either be generated from an
arbitrary probability density ρ(κ, θ ) if the goal is to cre-
ate synthetic networks (see Algorithm 1) or can be inferred
from a real network by maximizing the likelihood of the
model to reproduce the desired real network. In this work,
we use the latter approach through the embedding tool called
MERCATOR [58].

Interestingly, the S1 model is isomorphic to a purely ge-
ometric model in the hyperbolic plane, the H2 model [3].
By mapping the expected degree of a given node to a radial

coordinate as

r = RH2 − 2 ln
κ

κ0
with RH2 = 2 ln

2R

μκ2
0

, (3)

and κ � κ0, the connection probability Eq. (2) becomes

p(x) = 1

1 + e
β

2 (x−RH2 )
with x = r + r′ + 2 ln

�θ

2
, (4)

and where x is a very good approximation of the hyperbolic
distance between two points at radial coordinates r and r′
and separated by an angular distance �θ . That is, pairs of
nodes are connected with a probability that depends solely on
their hyperbolic distance, simultaneously capturing both the
popularity and similarity dimensions. Thanks to this equiva-
lence, we can use either version of the model depending on
the particular application. The S1 model is more convenient
for performing analytic calculations, whereas the H2 model is
more suited for tasks like greedy routing [59] and for visual-
ization purposes.

One key advantage of using the H2 model is that it provides
a continuous, two-dimensional hyperbolic space in which
both the popularity (radial coordinate) and similarity (angular
coordinate) of nodes can be represented naturally. This fully
geometric model often yields a more flexible description of
real-world networks for tasks like visualization and naviga-
tion. Additionally, by allowing the radial dimension to reflect
node “popularity” or centrality, the H2 model captures hierar-
chy and scale in a purely geometric way.

C. Geometric model of nodes and features:
The bipartite-S1/H2 model

The key aspect of our approach is to view the set of nodes
and their features as a bipartite graph Gn, f . While bipartite
graphs have been previously considered in the computer sci-
ence and network science literature [44,45,60–62], to the best
of our knowledge, although a few models considered nodes
and features as elements of a bipartite graph [63–65], their
topological properties have not been measured. In this repre-
sentation, each node has a degree kn that indicates the number
of distinct features it possesses, while each feature has a
degree k f that represents the number of connected nodes. The
top row of Fig. 2 displays the complementary cumulative dis-
tribution function of node and feature degrees for the Cora and
Facebook datasets. Across all the datasets we examined, we
observed a consistent pattern characterized by a homogeneous
distribution of node degrees and a heterogeneous distribution
of feature degrees in the bipartite graph Gn, f . The insets in
these plots also reveal weak correlations between the degrees
kn and k f of connected pairs for the Cora dataset and negative
correlations in the case of the Facebook dataset.

Our objective is to develop a model for this bipartite
graph that is correlated with the node network Gn. To achieve
this, we propose a geometric model called the bipartite-S1

model [44,45], where the similarity space is shared between
Gn and Gn, f , as suggested by the empirical correlation found
in Table I. In this model, each node is assigned two hidden
variables (κn, θn), where κn represents its expected degree in
the bipartite graph, and the angular coordinate corresponds
to that of Gn, i.e., θn = θ . Similarly, features are equipped
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FIG. 2. Topological properties of graph-structured data. Topological properties of Gn, f for the Cora and Facebook datasets (symbols) and
their synthetic counterparts generated by the bipartite-S1 model with the DPGR algorithm in Eq. (6) (red solid lines). The top row (a), (b),
(e), and (f) shows the complementary cumulative distribution functions of nodes and features degrees, whereas the insets in these plots show
the average nearest-neighbors degree functions k̄nn. These functions are defined, for features, as the average degree of nodes in Gn, f , kn, that
are neighbors of features of degree k f , and similarly for nodes. The bottom row (c), (d), (g), and (h) shows the bipartite clustering spectrum
of nodes and features as a function of nodes and features degrees, respectively. The orange shaded area represents two-σ intervals of the
ensemble. Exponential binning is applied in the computation of k̄nn and cb for the features.

with two hidden variables (κ f , θ f ), indicating their expected
degrees and angular positions in the common similarity space.
The probability of a connection between a node and a feature
with hidden degrees κn and κ f , separated by an angular dis-
tance �θ , is given by

pb(κn, κ f ,�θ ) = 1

1 + χβb
with χ ≡ R�θ

μbκnκ f
, (5)

where μb = βb

2π〈kn〉 sin π
βb

is a parameter determining the av-

erage degree of nodes 〈kn〉 and features 〈k f 〉 = Nn
Nf

〈kn〉 (the
sketch in Fig. 1 illustrates the construction of the model).
Similar to the S1 model, this choice ensures that the expected
degrees of nodes and features with hidden degrees κn and
κ f are 〈kn(κn)〉 = κn and 〈k f (κ f )〉 = κ f , respectively [44,45].
The hidden variables of nodes and features can be generated
from arbitrary distributions (see Algorithm 2) or fitted to repli-
cate the topology of a real network of interest.

In the latter case, following the approach in [66], it is
also possible to define the “microcanonical” ensemble of the
model, by using a degree-preserving geometric randomiza-
tion (DPGR) Metropolis-Hastings algorithm. This algorithm
allows us to explore different values of βb while exactly
preserving the degree sequences. Given a network and after
assigning angular coordinates at random to all nodes and
features, the algorithm randomly selects a pair of node-feature
links in − j f and ln − m f , and swaps them (avoiding multiple
connections) with a probability given by

pswap = min

⎡
⎣1,

(
�θin j f �θlnm f

�θinm f �θ j f ln

)βb
⎤
⎦, (6)

where �θ is the angular separation between the corresponding
pair of nodes. This algorithm maximizes the likelihood that

the network is generated by the bipartite-S1 model, while
preserving the degree sequence and the set of angular co-
ordinates. Notice that βb = 0 corresponds to the bipartite
configuration model.

Similarly to the S1 model, the bipartite-S1 model can also
be mapped to the hyperbolic plane. In this case, the mapping
is given by

rn = Rb
H2 − 2 ln

κn

κn,0
and r f = Rb

H2 − 2 ln
κ f

κ f ,0
, (7)

where the radius of the hyperbolic disk is Rb
H2 = 2 ln 2R

μbκn,0κ f ,0
,

and κn,0 and κ f ,0 are the minimum values of the expected
nodes and features degrees, respectively. With this mapping,
the connection probability between a node and a feature de-
pends only on the hyperbolic distance between them and takes
the same form as in Eq. (4).

D. Geometry-driven nodes and features correlations

To highlight the geometric nature of nodes and features
correlation, we define a new unipartite network between
nodes, called Ĝn, where two nodes are connected if they share
a significant number of features (for technical details, refer to
the Sec. II of the Supplementary Material [67]). It is important
to note that the links in the networks Gn and Ĝn are defined by
different connection mechanisms so that, a priori, they could
be totally unrelated. To measure any possible correlation be-
tween them, we assume that Ĝn also follows the S1 model.
Subsequently, the angular coordinates of nodes from Gn are
inferred using MERCATOR [58], and these coordinates are then
employed as initial estimates to infer the angular coordinates
of nodes from Ĝn, again using MERCATOR. The outcomes
are depicted in Fig. 3, showcasing the results obtained from
the Cora and Facebook datasets (additional information about
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FIG. 3. Detecting correlations between the spaces of nodes and
features. Heatmap of the angular coordinates of nodes inferred by
Mercator from Gn (in the x-axis) and from Ĝn (in the y-axis) for the
(a) Cora and (b) Facebook datasets. A detailed description of these
datasets is provided in the Supplementary Material (Sec. I) [67].
Color indicates the number of nodes in each pixel.

these datasets can be found in the Sec. I of the Supplemen-
tary Material [67]). The figure clearly illustrates a significant
correlation between angular coordinates of nodes determined
exclusively from topology and those determined exclusively
from features. In contrast, randomized versions of Ĝn, which
maintain the degree distribution and clustering coefficient, do
not exhibit this correlation, even though they are initialized
using the coordinates of Gn (see Sec. II in the Supplementary
Material [67]). This empirical evidence strongly suggests that
the similarity space of nodes and features is highly congruent.

E. Quantifying bipartite clustering in real datasets

In the S1 model, the parameter β governs the clustering
coefficient and thus influences the relationship between the
network topology and the underlying metric space. Similarly,
the parameter βb accounts for the coupling between the bi-
partite graph Gn, f and the underlying metric space. As both
Gn and Gn, f are defined on the same underlying metric space,
the parameters β and βb control the correlation between them.
It is therefore important to measure the value of βb for a
real dataset. To achieve this, we use the simplest possible
extension of the clustering coefficient to bipartite networks,
denoted as c̄b, as explained in Fig. 4.

In bipartite networks, c̄b is strongly influenced by the
heterogeneity of the features’ degree distribution and, for
finite-sized networks, it can reach high values even in the
configuration model (see Sec. III in the Supplementary
Material [67]). Thus, measuring βb by adjusting c̄b can be
misleading and we took a different approach.

We sorted the degrees of features in decreasing order and
removed 2l of the highest degree features from the origi-
nal network Gn, f , starting from the highest degree, where
l = 0, 1, 2, . . .. After each removal, we measured the bipar-
tite clustering coefficient c̄b(l ) of the remaining network and
the fluctuations in features’ degrees as 〈k f (k f − 1)〉/〈k f 〉 (see
Supplementary Material for details [67]). Figure 5 illustrates
the behavior of the bipartite clustering for the Cora and Face-
book datasets, considering values of l up to lmax = 8. We

FIG. 4. Bipartite clustering. This diagram demonstrates the ap-
proach used to measure bipartite clustering. In this example, the node
at the center is connected to four different features. Two features
are considered connected if they share at least a common node
other than the central node. The bipartite clustering of the node is
then calculated by determining the fraction of connected pairs of
features, following the standard definition of clustering coefficient
in unipartite networks. The same definition applies to the bipartite
clustering coefficient of features.

repeated this procedure for networks generated by our model
with the DPGR algorithm Eq. (6) and different values of βb.
Interestingly, for real networks, the bipartite clustering coeffi-
cient c̄b(l ) decreases slowly as hubs are removed (going from
right to left in the figure). On the other hand, in the config-
uration model with βb = 0, c̄b(l ) decreases rapidly when the
heterogeneity of the degree sequence is eliminated, even if the
original network exhibits similar values to the real networks.
As we increase the value of βb, we observed that our model
can accurately replicate the behavior of c̄b(l ), enabling us to
estimate the values of βb in real networks. Beyond the prac-
tical estimation of parameter βb, the slow decay of clustering
when removing hubs provides strong empirical evidence that
the bipartite network between nodes and features is governed
by an underlying similarity metric space.

Table I presents the properties of the analyzed real net-
works and the inferred values of β and βb. Using these

FIG. 5. Behavior of bipartite clustering upon removal of hubs.
Bipartite clustering coefficient for the Cora and Facebook networks
(symbols) and their surrogates generated by our model with different
values of βb (solid lines). The plots show the bipartite clustering of
the networks obtained by removal of a number of the highest degree
features as a function of the corresponding fluctuations of features’
degrees. In all plots, solid lines represent averages over 100 synthetic
networks generated by our model.
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FIG. 6. Hyperbolic representation of the Cora and Facebook
datasets. The left column shows hyperbolic embeddings of the uni-
partite network Gn and the right column the bipartite network Gn, f

between nodes (colored circles) and features (pink squares). Nodes
are colored by the labels given in the dataset. In both cases, we show
edges with effective distance χ < 1. Sizes of nodes and features are
proportional to the logarithm of their degrees.

values, we generated network surrogates with the DPGR al-
gorithm and compared their topological properties: degree
distributions, degree-degree correlations, and bipartite clus-
tering spectrum. Figure 2 displays the ensemble average and
the two-σ intervals for all the measures. In most of the
cases, the model accurately reproduced these properties. How-
ever, the model could be further improved by considering
that nodes and features may not be uniformly distributed in
the similarity space, but instead defining geometric commu-
nities, as discussed in [49,50]. As discussed in [58], such a
nonuniform distribution of nodes is important for reproduc-
ing degree-degree correlations similar to those observed, for
instance, in the Facebook dataset.

F. Hyperbolic representation of real datasets

Finally, we provide the hyperbolic representation of the
Cora and Facebook datasets. First, we used MERCATOR to
embed the unipartite network Gn. The results are displayed in
Figs. 6(a) and 6(c), with nodes color-coded according to the
labels provided in the dataset. As expected, we observe a high
degree of congruence between these labels and the angular
organization of nodes, with groups of nodes with the same
label distributed in the same angular sectors. Remarkably,
this congruence serves as empirical evidence of the suitabil-
ity of the S1 model for describing these networks. Notably,
MERCATOR does not make use of these labels, making this
congruence all the more significant. To represent the bipartite
network Gn, f , we maintain the angular coordinates of nodes

from the embedding of Gn and adjust the hidden degrees
of nodes and features in Gn, f , κn, and κ f , as well as βb to
reproduce the degree distribution of nodes and features, as
explained in detail in [58]. Subsequently, while keeping the
coordinates of the nodes fixed, we adjust the angular coor-
dinates of each individual feature to maximize the likelihood
that the feature is connected to its actual neighbors. The results
are presented in Figs. 6(b) and 6(d). In this case, the nodes
exhibit a homogeneous degree distribution, causing them to
appear near the edge of the circle. Conversely, the features ex-
hibit a heterogeneous distribution, leading to a corresponding
heterogeneous distribution of radial coordinates. Interestingly,
the features are closely connected to nodes within the same
angular sectors. This suggests that by using this representa-
tion, it is possible to define specific sets of features associated
with particular sets of nodes, thus defining bipartite commu-
nities in a similar way as was done in [68] for unipartite
networks in combination with the bipartite modularity defined
in [69]. It is important to note, however, that this approach
represents just a preliminary step towards an embedding tool
for featured-enriched networks. The comprehensive embed-
ding will emerge from the simultaneous maximization of the
likelihood of both graphs, Gn and Gn, f , a topic we will address
in a forthcoming publication.

III. DISCUSSION

To summarize, our approach represents a paradigm shift in
the description of complex graph-structured data. The crucial
element in our framework is to view the relationships between
nodes and features as a bipartite graph influenced by the
same underlying similarity space that shapes the topology of
the network between nodes. In contrast to other models that
treat node features as nodes [63–65], we analyze the topology
of the resulting bipartite networks, revealing homogeneous
degree distributions for nodes, heterogeneous distributions for
features, weak correlations between the degrees of connected
pairs, as well as a high level of bipartite clustering in the
network confirming the presence of an underlying similarity
metric space. We hypothesize that this shared similarity space,
along with the strength of the coupling between networks
Gn and Gn, f controlled by parameters β and βb, underlies
the effectiveness of GCNs. If this conjecture holds true, our
formalism could provide a crucial component in addressing
the black box problem [27]. This work represents a prelim-
inary step towards a promising research direction and forms
the basis for a future feature-aware embedding method in
the hyperbolic space. Indeed, hyperbolic network geometry
enhances the interpretability of GCNs in many ways. By us-
ing hyperbolic embeddings, it becomes possible to visualize
complex, hierarchical data in a more interpretable manner.
The distances and relationships in the hyperbolic space can
be mapped and visualized, offering insights into the intrinsic
structure of the data, thus making the relationships within
the data more explicit and understandable. For example, in
a hierarchical classification task, the model’s decisions can be
traced through the hyperbolic space, showing how different
categories or concepts are related to each other. Additionally,
because hyperbolic space can represent complex structures
in lower dimensions, it simplifies the feature space. This
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ALGORITHM 1. Algorithm to generate the network of nodes,
Gn [55].

1: Fix the number of nodes, Nn, the level of clustering, β, and the
target average degree 〈k〉.

2: Set μ = β

2π〈k〉 sin π

β
.

3: Uniformly distribute the nodes at random along a
one-dimensional sphere with radius R = Nn

2π
by assigning each

node a parameter θ ∈ [0, 2π ].
4: Assign every node a hidden degree κ sampled from an arbitrary

probability density ρ(κ ) such that 〈κ〉 = 〈k〉.
5: Connect each pair of nodes with a probability function given

by Eq. (2).

simplification helps in understanding which features are most
relevant in the model’s decision-making process.

We thank Robert Jankowski for useful discussions on
the measure of correlations between network topology and
features.
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ALGORITHM 2. Algorithm to generate the bipartite network of
nodes and features, Gn, f .

1: Fix the number of features, Nf , the level of clustering, βb, and
the target average degree of nodes 〈kn〉 (then 〈k f 〉 = Nn

Nf
〈k f 〉,

where Nn is the number of nodes in Gn).
2: Set μb = βb

2π〈kn〉 sin π

βb
.

3: Uniformly distribute the features at random along the same
sphere as in Gn by assigning each feature a parameter
θ f ∈ [0, 2π ], with nodes located at the same angular positions
as in Gn, i.e., θn = θ .

4: Assign every node and feature a hidden degree κn and κ f ,
sampled from an arbitrary probability density ρn(κn) and
ρ f (κ f ) such that 〈κn〉 = 〈kn〉 and 〈κ f 〉 = 〈k f 〉.

5: Connect each pair of nodes and features with a probability
function given by Eq. (5).
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APPENDIX: ALGORITHMS TO GENERATE GEOMETRIC
GRAPH-STRUCTURED DATA

Algorithms 1 [55] and 2 provide simple steps to generate
the network of nodes, Gn, using the S1 model and the bipartite
network between nodes and features, Gn, f , using the bipartite-
S1 model.
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