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Abstract. PageRank is a key element in the success of search engines,
allowing to rank the most important hits in the top screen of results. One
key aspect that distinguishes PageRank from other prestige measures
such as in-degree is its global nature. From the information provider
perspective, this makes it difficult or impossible to predict how their
pages will be ranked. Consequently a market has emerged for the opti-
mization of search engine results. Here we study the accuracy with which
PageRank can be approximated by in-degree, a local measure made freely
available by search engines. Theoretical and empirical analyses lead to
conclude that given the weak degree correlations in the Web link graph,
the approximation can be relatively accurate, giving service and infor-
mation providers an effective new marketing tool.

1 Introduction

PageRank has become a key element in the success of Web search engines, al-
lowing to rank the most important hits in the top page of results. Certainly
the introduction of PageRank as a factor in sorting results [I] has contributed
considerably to Google’s lasting dominance in the search engine market [2].

PageRank is not the only possible measure of importance or prestige among
Web pages. The simplest possible way to measure the prestige of a page is to
count the incoming links (in-links) to the page. There is a correlation between
the number of in-links that a page receives from other pages (in-degree) and
quality, especially when the in-degree is large. The in-degree of Web pages is
very cheap to compute and maintain, so that a search engine can easily keep
in-degree updated with the evolution of the Web.

However, in-degree is a local measure. All links to a page are considered
equal, regardless of where they come from. Two pages with the same in-degree
are considered equally important, even if one is cited by more prestigious sources
than the other. To modulate the prestige of a page with that of the pages pointing
to it means to move from the examination of an individual node in the link graph
to that of the node together with its predecessor neighbors. PageRank represents
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such a shift from the local measure given by in-degree toward a global measure
where each Web page contributes to define the importance of every other page.

The use of PageRank in place of in-degree for applications such as ranking by
Web search engines relies on two assumptions: (i) PageRank is a quantitatively
different and better prestige measure compared to in-degree; and (ii) PageRank
cannot be easily guessed or approximated by in-degree. To wit, Amento et al. [3]
report a very high average correlation between in-degree and PageRank (Spear-
man p = 0.93, Kendall 7 = 0.83) based on five queries. Further, they report the
same average precision at 10 (60%) based on relevance assessments by human
subjects. In this paper we further quantitatively explore these assumptions an-
swering the following questions: What is the correlation between in-degree and
PageRank across representative samples of the Web? How accurately can one
approximate PageRank from local knowledge of in-degree?

From the definition of PageRank, other things being equal, the PageRank of a
page grows with the in-degree of the page. Beyond this zero-order approximation,
the actual relation between PageRank and in-degree has not been thoroughly
investigated in the past. It is known that the distributions of PageRank and
in-degree follow an almost identical pattern [5], i.e., a curve ending with a
broad tail that follows a power law with exponent v ~ 2.1. This fact may in-
dicate a strong correlation between the two variables. Surprisingly there is no
agreement in prior literature about the correlation between PageRank and in-
degree. Pandurangan et al. [4] show very little correlation based on analysis of
the brown.edu domain and the TREC WT10g collection. Donato et al. [3] report
on a correlation coefficient which is basically zero based on analysis of a much
larger sample (2 - 10° pages) taken from the WebBase [6] collaboration. On the
other hand, analysis of the University of Notre Dame domain by Nakamura [7]
reveals a strong correlation.

In Section [ we estimate PageRank for a generic directed network within
a mean field approach. For a network without degree-degree correlations the
average PageRank turns out to be simply proportional to the in-degree, modulo
an additive constant. The prediction is validated empirically in Section Bl where
we solve the equations numerically for four large samples of the Web graph; in
each case the agreement between our theoretical estimate and the empirical data
is excellent. We find that the Web graph is basically uncorrelated, so the average
PageRank can be well approximated by a linear function of the in-degree. As an
additional contribution we settle the issue of the correlation between PageRank
and in-degree; the linear correlation coefficient is consistently large for all four
samples we have examined, in agreement with Nakamura [7]. Finally, in Section[]
we present an application of our findings on the live Web.

2 Theoretical Analysis

The PageRank p(i) of a page i is defined through the following expression [I]:

i) = v+ 1=0) 3 p) kowl)  i=12,... N (1)


brown.edu

Approximating PageRank from In-Degree 61

where N is the total number of pages, j — ¢ indicates a hyperlink from j to
i, kout(j) is the out-degree of page j and ¢ is the so-called teleportation (or
jumping) factor. The set of Equations[I] can be solved iteratively. From Eq. [ it
is clear that the PageRank of a page grows with the PageRank of the pages that
point to it. However, the sum over predecessor neighbors implies that PageRank
also increases with the in-degree of the page.

PageRank can be thought of as the stationary probability of a random walk
process with additional random jumps. The physical description of the process
is as follows: when a random walker is in a node of the network, at the next time
step with probability ¢ it jumps to a randomly chosen node and with probability
1 — ¢ it moves to one of its successors with uniform probability. In the case of
directed networks, a node may have no successors. In this case the walker jumps
to a randomly chosen node of the network with probability one. The PageRank
of a node 14, p(i), is then the probability to find the walker at node ¢ when the
process has reached the steady state, a condition that is always guaranteed by
the teleportation probability q.

The probability to find the walker at node 7 at time step n follows a simple
Markovian equation:
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where aj; is the adjacency matrix with entry 1 if there is a direct connection
between j and i and zero otherwise. The first term in Eq. [ is the contribution
of walkers jumping to a randomly chosen node, the second term is the random
walk contribution, and the third term accounts for walkers that at the previous
step were located in dangling nodes and now jump to random nodes. In the limit
n — oo this last contribution becomes a constant term affecting all the nodes
in the same way, and thus it can be removed from Eq. [2] under the constraint
that the final solution is properly normalized. Strictly speaking this would lead
to an effective teleportation term, which we omit to keep the notation simple.
Alternatively dangling nodes could be taken into account by a proper rescaling
of the the second term [§]. Hereafter we intend all sums over nodes to exclude
dangling ends, considering only nodes with k,,; > 0. The PageRank of page 7 is
the steady state solution of Eq. 2 p(i) = lim,—c pn (). Equation [ cannot be
analytical solved. We propose a mean field solution of Eq. 2] that, nevertheless,
gives a very accurate description of the PageRank structure of the Web. The
mean field approach is often used in statistical physics, and is reliable when each
element of the system has many interaction partnersfi as in this case the effect
of the interactions can be taken into account in an average way, neglecting the
variations among the elements.

Instead of analyzing the PageRank of single pages, we aggregate pages in
classes according to their degree k = (kiy, kout) and define the average PageRank
of nodes of degree class k as

1 On hypercubic lattices, the mean field limit for most spin models is reached in four
dimensions, when each spin has eight neighbors.
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Note that now “degree class k” means all the nodes with in-degree k;,, and out-
degree koy¢; P(k) is the probability that a node is in the degree class k. Taking
the average of Eq. 2] for all nodes of the degree class k we obtain
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From Eq. [l we see that the left-hand side of Eq. H is p,,(k). In the right-hand
side we split the sum over j into two sums, one over all the degree classes k’ and
the other over all the nodes within each degree class k’. We get

pn(k) = Z Z > ajipni( ()

k’/ Out ick jek’

At this point we perform our mean field approximation [9], which consists in
substituting the PageRank of the predecessor neighbors of node i by its mean
value, that is,

Z Z ajipnfl( =P 1 k/ Z Z A j4
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where Ey/ ) is the total number of links pointing from nodes of degree k’ to
nodes of degree k. This matrix can also be rewritten as

By _x
kin P(K)N
= ka(k)]\/'Pm(k/\k)7 (7)

Eio—x = kin P(K)N

where P;,(k’|k) is the probability that a predecessor of a node belonging to
degree class k belongs to degree class k’. The conditional probability P, (k'|k)
incorporates the so-called degree-degree correlation, i.e., the correlation between
the degree of a node and that of its neighbors (see [I0] pp. 243-245). Using
Equations [ and [ in Eq. B we finally obtain

© =gk, W0, e, 0
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which is a closed set of equations for the average PageRank of pages in the
same degree class. When the network has degree-degree correlations, the so-
lution of this equation is non-trivial and the resulting PageRank can have a
complex dependence on the degree. However, in the particular case of networks
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without degree-degree correlations, the transition probability P, (k’|k) becomes
independent of k and takes the simpler form

K P(K)

Pzn(k/|k) _ out ,

where (-) denotes the average value of the quantity in brackets. Using this ex-
pression in Eq. (8) and taking the limit n — oo, we obtain

9)

pk) = _ +

NTON (10)

that is, the average PageRank of nodes of degree class k is independent of kg
and proportional to ki,.

The same type of analysis allows to estimate the size of the fluctuations of
PageRank for nodes in the same degree class k. It turns out that, for uncorrelated
networks, the standard deviation o(k) of the PageRank distribution about its

mean value is ( )4 )
1—¢ ks
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For large in-degrees, the coefficient of variation is

0 =00 () e B (12)

2
The factor < k}ii:f> in this expression can be very large when the network has

a long-tailed degree distribution, which implies that the relative fluctuations
are large for small in-degrees. Therefore the true PageRank of pages with small
in-degree may differ significantly from its mean field approximation. However,
for large in-degrees the relative fluctuations become less important — due to
the factor k;, in the denominator — and the average PageRank from Eq.
gives a good approximation. Note that the expression in Eq. relates to the
relative fluctuations within a degree class, rather than across the entire graph.
Since PageRank is distributed according to a power law with + close to 2, the
overall fluctuations diverge in the limit of infinite graph size. An analysis of the
PageRank distribution and of the relative fluctuations within each degree class
is omitted here for brevity, and will be included in an extended version of this

paper.

3 Results

For an empirical validation of the theoretical predictions in the previous section,
we analyzed four samples of the Web graph. Two of them were obtained by crawls
performed in 2001 and 2003 by the WebBase collaboration [6]. The other two
were collected by the WebGraph project [T1]: the pages belong to two national
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Table 1. Number of pages, links, and average degree ((k) = (kin) = (kout)) for the
four data sets we have analyzed

Data set WB 2001 .uk 2002 WB 2003 .it 2004

# pages 8.1 x 107 1.9 x 107 4.9 x 107 4.1 x 107

# links 7.5 x 10% 2.9 x 108 1.2 x 10° 1.1 x 10°
(k) 9.34 15.78 24.05 27.50

Table 2. Exponents of the power law part of the PageRank distribution and linear
correlation coefficients between PageRank and in-degree

Data set WB 2001 .uk 2002 WB 2003 .it 2004
¥ 22+0120+0.1 20+0.1 20+0.1
p 0.538 0.554 0.483 0.733

domains, .uk (2002) and .1it (2004), respectively. In Table [[] we list the number
of vertices and edges and the average degree for each data set.

We calculated PageRank with the standard iterative procedure; the factor ¢
was set to 0.15, as in the original paper by Brin and Page [I] and many successive
studies. In Fig. [[l we show the cumulative distributions of PageRank, i.e. the
function R(p) representing the probability that PageRank exceeds the value p.
Using the cumulative distribution allows to reduce the noise due to fluctuations
at large PageRank values. In all four cases we obtained a pattern with a broad
tail. The initial part of the distribution can be well fitted by a power law p—#
with exponent 3 between 1.0 and 1.2. The exponents for the actual PageRank
distribution are v = 41, so they range from 2.0 to 2.2, in agreement with other
studies [4J5]. The right-most part of each curve, corresponding to the pages with
highest PageRank, decreases faster. For the WebBase sample of 2001 the tail of
the curve up to the last point can be well fitted by a power law with exponent
[ =~ 1.6; in the other cases we see evidence of an exponential cutoff.

We also calculated the linear correlation coefficient between PageRank and
in-degree. In Table [ we list Pearson’s p together with the slope of the power
law portions of the PageRank distributions. The correlation between PageRank
and in-degree is rather strong, in contrast to the findings of [4] and especially
[5] but in agreement with [7] and consistently with the high correlation observed
between in-degree and Kleinberg’s authority score [12].

Let us now validate the expression derived from our mean field analysis for
the average PageRank. We solved Eq. [§ with an analogous iterative procedure
as the one we used to calculate PageRank. We now look for the vector p(k),
defined for all pairs k = (k;y,, kowt) which occur in the network. Since PageRank
is a probability, it must be normalized so that its sum over all vertices of the
network is one. So we initialized the vector with the constant po(k) = 1/N,
and plugged it into the right-hand side of Eq. B to get the first approximation
p1(k). We then used py(k) as input to get p2(k), and so on. We remark that
the expression of the probability P;,(k’|k) is not a necessary ingredient of the
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Fig. 1. Cumulative distributions of PageRank

calculation. In fact, the sum on the right-hand side of Eq. Bl is just the average
value of p,—1(kK')/k out among all predecessors of vertices with degree k. The
algorithm leads to convergence within a few iterations (we never needed more
than 20). In Fig. Bl we compare the values of p(k) calculated from Eq. [ with
the corresponding empirical values. Here we averaged p(k) over out-degree, so it
only depends on the in-degree k;,,. The variation of p(k) with ko (for fixed k;y,)
turns out to be very small. The scatter plots of Fig. 2] show that the mean field
approximation gives excellent results: the points are very tightly concentrated
about each frame bisector, drawn as a guide to the eye.

Next let us analyze explicitly the relation between PageRank and in-degree. To
plot the function p(k;,) directly is not very helpful because the wide fluctuations
of PageRank within each degree class would mystify the pattern for large values
of kin,. So we average PageRank within bins of in-degree, which is the standard
procedure to derive trends from scatter plots (see [I0] pp. 240-242). As both
PageRank and in-degree are power-law distributed, we use logarithmic bins; the
multiplicative factor for the bin size is 1.3. The resulting patterns for our four
Web samples are presented in Fig. Bl The empirical curves are rather smooth,
and show that the average PageRank (per degree class) is an increasing func-
tion of in-degree. The relation between the two variables is approximately linear
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Fig. 2. Scatter plots of the empirical average PageRank per degree class versus our
mean field (MF) estimate

for large in-degrees. This is exactly what we would expect if the degrees of
pages were uncorrelated with those of their neighbors in the Web graph (cf.
Section [2)). In such a case the relation between PageRank and in-degree is given
by Eq. Indeed, the comparison of the empirical data with the curves of
Eq. 00 in Fig. Blis quite good for all data sets. We infer that the Web graph is
an essentially uncorrelated graph; this is confirmed by direct measurements of
degree-degree correlations in our four Web samples [13]. What is most important,
the average PageRank of a page with in-degree k;, is well approximated by the
simple expression of Eq.

4 Applications to the Live Web

Knowing the relationship between PageRank and in-degree has potential appli-
cations for the Web graph. It is vital for many service and information providers
to have good rankings by major search engines for relevant keywords, given
that search engines are the primary way that Internet users find and visit Web
sites [I4I15]. Consequently a demand has emerged for companies that perform
so-called search engine optimization or search engine marketing on behalf of
business clients. The goal is to increase the rankings of their pages, thus direct-
ing traffic to their sites [16].
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Fig. 3. PageRank versus in-degree; the dashed line is the approximation given by the
closed formula of Eq.

In the previous section we have shown that the average PageRank of a page
with in-degree k;,, can be well approximated by the closed formula in Eq. So
Web authors may use local in-degree information as a proxy for estimating the
global PageRank of their sites.

To use Eq. I for the Web we need to know the total number N of Web pages
indexed by a search engine, say Google, and their average degree (k). The
size of the Google index was published until recently; we use the last reported
number, N ~ 8.1 x 10°. The average degree is not known; the best we can do is
extract it from samples of the Web graph. Our data sets do not deliver a unique
value for (k;;, ), but they agree on the order of magnitude (see Table[Dl). Hereafter
we use (k;,) = 10.

Let us now consider whether Eq. [I0l can be useful in the live Web. Ideally we
should compare the PageRank values of a list of Web pages with the correspond-
ing values derived through our formula. Unfortunately the real PageRank values
calculated by a search engine such as Google are not accessible, so we need a
different strategy. The simplest choice is to focus on rank rather than PageRank.
We know that Google ranks Web pages according to their PageRank values as
well as other features which do not depend on Web topology. The latter features
are not disclosed; in the following we disregard them and assume for simplic-
ity that the ranking of a Web page exclusively depends on its PageRank value.
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There is a simple relation between the PageRank p of a Web page and the rank
R of that page. The Zipf function R(p) is simply proportional to the cumulative
distribution of PageRank. Since the PageRank distribution is approximately a
power law with exponent v ~ 2.1 (see Section []), we find that

R(p) ~ Ap~”, (13)

where 3 =~ —1~ 1.1 and A is a proportionality constant. The rank R referred
to above is the global rank of a page of PageRank p, i.e., its position in the
list containing all pages of the Web in decreasing order of PageRank. More
interesting for information providers and search engine marketers is the rank
within hit lists returned for actual queries, where only a limited number of
result pages appear. We need a criterion to pass from the global rank R to the
rank r within a query’s hit list. A page with global rank R could appear at any
position r = 1,2,...,n in a list with n hits. In our framework pages differ only
by their PageRank values (or, equivalently, by their in-degrees), as we neglect
lexical and other features. Therefore we can assume that each Web page has the
same probability to appear in a hit list. This is a strong assumption, but even
if it may fail to describe what happens at the level of an individual query, it is
a fair approximation when one considers a large number of queries. Under this
hypothesis the probability distribution of the possible positions is a Poissonian,
and the expected local rank r of a page with global rank R is given by the mean
value: n

TZRN. (14)

Now it is possible to test the applicability of Eq. 10l to the Web. We are able
to estimate the rank of a Web page within a hit list if we know the number
of in-links k;,, of the page and the number n of hits in the list. The procedure
consists of three simple steps:

1. from k;, we calculate the PageRank p of the page according to Eq. 10
2. from p we determine the global rank R according to Eq. I3}
3. from R and n we derive the local rank r according to Eq. [I4]

The combination of the three steps leads to the following expression of the
local rank r as a function of k;,, and n:
An

T = . 15
(4 il A "
We remark that A is a simple multiplicative constant, and its value has no effect
on the dependence of the local rank r on the variables k;,, and n. Therefore we
decided to consider it as a free parameter, whose value is to be determined by
the comparison with empirical data.

For our analysis we used a set of 65,207 actual queries from a September
2001 AltaVista log. We submitted each query to Google, and picked at random
one of the pages of the corresponding hit list. For each selected page, we stored
its actual rank re.,,, within the hit list, as well as its number k;,, of in-links,
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which was again determined through GoogleE The number n of hits of the list
was also stored. Google (like other search engines) never displays more than
1000 results per query, so we always have rep,, < 1000. From kj;, and n we
estimated the theoretical rank r.s by means of Eq. I8 and compared it with
its empirical counterpart re,,,. The comparison can be seen in the scatter plot
of Fig. @l Given the large number of queries and the broad range of rank values,
we visualize the density of points in logarithmic bins. The region with highest
density is a stripe centered on the diagonal line reg = remp by a suitable choice
of A (A =1.5x10"%). We conclude that the rank derived through Eq.[I5is in

2 The in-degree data provided by search engines is only an estimate of the true number.
First, a search engine can only know of links from pages that it has crawled and
indexed. Second, for performance reasons, the algorithms counting inlinks use various
unpublished approximations based on sampling.
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most cases close to the empirical one. We stress that this result is not trivial,
because (i) Web pages are not ranked exclusively according to PageRank; (ii) we
are neglecting PageRank fluctuations; and (iii) all pages do not have the same
probability of being relevant with respect to a query.

5 Discussion

In this paper we have quantitatively explored two key assumptions around the
current search status quo, namely that PageRank is very different from in-degree
due to its global nature and that PageRank cannot be easily guessed or approx-
imated without global knowledge of the Web graph. We have shown that due to
the weak degree-degree correlations in the Web link graph, PageRank is strongly
correlated with in-degree and thus the two measures provide very similar infor-
mation, especially for the most popular pages. Further, we have introduced a
general mean field approximation of PageRank that, in the specific case of the
Web, allows to estimate PageRank from only local knowledge of in-degree. We
have further quantified the fluctuations of this approximation, gauging the re-
liability of the estimate. Finally we have validated the approach with a simple
procedure that predicts how actual Web pages are ranked by Google in response
to actual queries, using only knowledge about in-degree and the number of query
results.
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