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Abstract

We develop formulae for translating single-molecule fluorescence spectroscopic data into estimates of the rate
constants for slow conformational transitions between two states with different lifetimes of the fluorescent probe. These
rate constants cannot be determined separately from the bulk experiment. © 2001 Published by Elsevier Science B.V.

There is by now a large set of techniques
grouped under the rubric of single-molecule spec-
troscopy (SMS), that enable an experimenter to
monitor dynamic behavior of single molecules in
solution, [1-5]. The advantage of this class of
methods is that it provides information otherwise
unavailable from bulk experiments. In the present
note we show how the rate constants for transi-
tions between two conformational states can be
evaluated using SM fluorescence spectroscopy.
These rate constants cannot be determined by bulk
experiments which can only provide their ratio.

Consider a molecule which randomly intercon-
verts between two conformational states according
to the kinetic scheme

ky
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where the k’s are rate constants. A fluorescent
probe attached to the molecule has different fluo-
rescence lifetimes in the two states, t; and t,, re-
spectively. When interconversion occurs much
more slowly than the fluorescence, the decay of the
fluorescence intensity measured in the bulk ex-
periment is the biexponential

Touic (1)
Ibulk (0)

where P.q(i) is the equilibrium population of state
i(=1,2),

= Peq(l)eit/fl + Py (2)671/1% (2)

Poy(1) =k /k,
and k =k + k.

Peq(2) =1 = Pg(1) = ki /k

Thus, only the ratio k;/k, can be found from the
bulk experiment, rather than the separate rate
constants.

The two rate constants can be determined
from the SM fluorescence experiments described
in [6-9]. In these experiments a randomly chosen
molecule is repeatedly excited by a train of laser
pulses for a period of time 7. The fluorescence
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decay kinetics is again found to be biexponential
with the same lifetimes t; and 7, as in the bulk
experiment

Ism(?)
Ism(0)

where x is the amplitude found by curve-fitting to
the data. This amplitude can be interpreted as the
fraction of time, out of the total time 7, that
the molecule has spent in state 1, [10,11]. Since the
time spent in state 1 is random the amplitude, x, is
also random.

After the experiment is repeated several times,
one can estimate the probability density for the
amplitude which depends on the duration of the
measurement, T, as well as the rate constants. This
density will be denoted by p(x|T). The theory of
such SM fluorescence experiments has been de-
veloped in [10-12] under the assumption that
measurement times for each molecule are equal. A
generalization of the theory to molecules with an
arbitrary number of conformational states with
different fluorescence lifetimes of the probe is given
in [13], again assuming that the measurement times
are identical.

The bulk result in Eq. (2) can be recovered
from Eq. (4) in the limit 7 — oo since, due to
ergodicity,

Jim p(x|T) = & (x = P (1)) (5)

=xe /" 4+ (1 —x)e"/?, (4)

When T is finite p(x|T) is no longer a delta func-
tion, and contains information which can be used
to find the k;. Since there are two rate constants
two independent equations are required to deter-
mine their values. Here we choose these to be the
equations for the experimentally accessible mean
value of x and the associated variance.

The average value of the amplitude is indepen-
dent of T and is

(x) = /0 xp(x|T)dx = Py (1) = ka /. (6)

However, the variance does depend on the mea-
surement time. Its large-7" behavior is

2P (1)P4(2) 2Kk

7(T) kKT BT ™

Using Egs. (6) and (7) we obtain expressions for
the rate constants as

2(x)(1 = (x))*
TA(T)

2(x(1 - (x)

k] = k2 - T02(T) . (8)

Thus, to find the rate constants one has to estimate
(x) and ¢*(T) from experimental data to calculate
ki and k, from this last equation.

The theory summarized so far assumes that the
experimental output is an infinite set of the am-
plitudes, {x;}, j=1,2,... and that the durations
of all of the measurements are equal. In fact, the
number of single molecules sampled in any ex-
periment is finite, j = 1,2,..., M. Therefore, only
estimates of the average and variance are avail-
able. These will be denoted by x and ¢*(T), and
are
) 1M R 1 M N2
x:M;xj, a’(T) =71 Z(xjfx) .

j=

©)
When these two estimates are found from the data
they are inserted into Eq. (8) to provide estimates
of the rate constants, k; and k,, provided that all of
the durations are equal and the time 7 is suffi-
ciently large. A corresponding inequality will be
given later in the paper.

The estimates discussed above presumes that
the measurement times for all of the molecules are
equal. In practice these times can vary from one
molecule to another. The experimental output
consists of the set {x, T1;x2, T; . .., Xy, Tps } Where
x; is the amplitude obtained in the ;th measure-
ment which has the duration 7;. It will be assumed
that the 7} are large in the sense described below. It
will be shown that, even when the 7; differ, it is
possible to estimate the rate constants making use
of Eq. (8). For this purpose we need to have esti-
mates for (x) and the product D = Ta¢*(T) ap-
pearing in the denominator. The parameter X in
Eq. (9) is to be substituted for (x) in the numerator
of Eq. (8). The denominator in Eq. (8), to lowest
order in 1/M, is replaced by

S (10)

J=1
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To prove the correctness of this formula, as well as
to provide the correction terms we note that the x;
are independent random variables described by the
probability density p(x|7;). All of the x; have
the same average value (x) = Pq(l) =k,/k. The
variance, at sufficiently large 7;, is given by
0*(T;) = 2kiky/(K*T;). We would like to construct
an exact formula for D, rather than the approxi-
mation in Eq. (10), which has the property

<D> = /01~--/OID(xlw~7XM)lAjP(xj|Tj)dxj

> T6(T)). (11)

J=1

N

When all of the 7; are large the value of (D) is
equal to 2kk,/k* as in the case of equal measure-
ment times.

For the analysis to follow we will need the av-
erage measurement duration

T:%ZM:]}. (12)

J=1

We look for an estimator D that is linear in the 7;
and reduces to the 762 in Eq. (9) when all of the 7}
are equal to 7. Thus, we are led to the form
_ | , < _
j=1 j=1

Specifying the value of the f’s in this equation
requires some slightly more complicated consid-
erations. We can invoke the requirement in Eq.
(11) to fix the value of this variable in terms of the
x;. A tedious, but straightforward algebraic cal-
culation leads to

x2

b=svior—1 (14)

Thus the final expression for D is

which is expressed in terms of the observable pa-
rameters x; and 7;. When M > 1 this expression

reduces to Eq. (10) which is one of the main results
of this Letter. Values of M that are of the order of
100 or more will generally suffice to validate the
reduction.

Finally, we clarify what is meant by the large-T
limit which allows us to use the approximate
expression for the variance, o*(T) = 2k ky/(K*T).
The theory in [12] can be used to provide an
expression for ¢%(T) that is exact for all T. This is

2kiky 1

L
=7 1 kT(l e ). (16)

a*(T)

From this it follows that a value of A7 > 10 is
sufficient to comfortably validate an approxima-
tion to To*(T) as being independent of 7. When
kT = 10 (or even 20) the probability density p(x|T)
for a given T can differ noticeably from a Gaussian
depending on the values of the rate constants, as
seen in illustrative examples in [12]. Nonetheless
Eq. (16) is exact.

To summarize, the main results of this note are
the expressions for the rate constants given in Eq.
(8) together with formulae for x and D given in
Egs. (9) and (10), respectively. These formulae
allow one to estimate the rate constants for slow
conformational transitions between two states
with different fluorescence lifetimes of the probe
using single-molecule fluorescence spectroscopy.
These rate constants cannot be determined using a
bulk experiment alone.
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