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Abstract In this chapter we provide a review of the main results recently obtained
in the modeling of binary fermionic reaction-diffusion processes on scale-free net-
works. We show how to derive rate equations within the heterogeneous mean-field
formalism, and how information can be obtained from them both for finite networks
in the diffusion-limited regime and in the infinite network size lime. By means of
extensive numerical simulations, we check the mean field predictions and explore
other aspects of the reaction-diffusion dynamics, such as density correlations and
the effects of the minimum degree or a tree-like topology.

1 Introduction

Complex networks theory has proved in recent years to be an extremely useful tool
for the study and characterization of the structure and function of many complex
systems [1, 2, 3]. In fact, many natural and man-made systemshave a heterogenous
pattern of connexions and interactions that can be properlydescribed as a network
or graph [4]. The statistical analysis of their topologicalorganization has shown that
most of them seem to share some typical features, the most relevant being the small-
world property [5] and a large heterogeneity in the number ofcontacts per vertex
(or degree), which lacks any typical degree-scale [6].
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The small-world property refers to the fact that the averagedistance〈ℓ〉 between
any two vertices –measured as the smallest number of connections (or edges) be-
tween them– is very small, scaling logarithmically or even slower with the net-
work sizeN. This is to be compared to the polynomial scaling of〈ℓ〉 ∼ N1/d in
a d-dimensional lattice. Since the logarithm function grows slower than any poly-
nomial, even ifd = ∞, small-world networks can be thought of as highly compact
objects of infinite dimensionality. As a consequence, the metric properties of this
class of systems are nearly absent, every vertex being roughly at the same distance
to any other vertex of the network, and fluctuations associated to “spatial” effects
can be neglected. This accounts for the accuracy of mean-field theories applied to
the understanding of dynamical processes taking place in small-world networks [7].

On the other hand, real complex networks are not just small-worlds but also
scale-free (SF) networks. They are typically characterized by a degree distribution
P(k) –the probability that a randomly selected vertex has degreek– that decreases
as a power-law,

P(k) ∼ k−γ , (1)

whereγ is a characteristic degree exponent, usually in the range 2< γ ≤ 3. Within
this domain the topological fluctuations of the degree, characterized by its second
moment〈k2〉, diverge in the limit of large network sizes. It is the conjunction of
the small-world and SF properties that makes complex networks radically different
from more regular structures embedded in metric spaces.

Initially, the interest in networked systems was concentrated on the description
and modeling of their structural properties [1, 2]. More recently, research efforts
have placed the focus on the effects that these peculiar topological properties may
have on the behavior of dynamical systems running on top of networks [7]. Be-
sides their obvious theoretical interest, these efforts can have practical implications
in real world systems, e.g., understanding traffic behaviorin technological systems
such as the Internet [8] or epidemic spreading of sexually transmitted diseases in hu-
man populations [9]. Interest in dynamics was triggered by the observation that the
heterogeneous connectivity pattern observed in SF networks with diverging degree
fluctuations can lead to very surprising outcomes, such as anextreme weakness in
front of targeted attacks aimed at destroying the most connected vertices [10, 11], or
the ease of propagation of infective agents [12, 13]. These properties are due to the
critical interplay between topology and dynamics in heterogeneous networks and
are absent in their homogeneous counterparts. After those initial discoveries, a real
avalanche of new results have been put forward; for a summaryof them we refer the
reader to Ref. [7].

The importance of dynamical process on complex networks justifies the pursuit
of common frameworks to describe and analyze them in a general way. One of
them is the theory of reaction-diffusion (RD) processes , that can be used to rep-
resent a wide spectrum of different dynamics. In very general terms, RD processes
are dynamic systems that involve particles of different “species” (Ai , i = 1, . . .n)
that diffuse stochastically and interact among them following a fixed set of reaction
rules. In this kind of processes, the interest is usually focused on the time evolution
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and steady states of the densities of the different speciesρAi (t), and on the possible
presence of phase transitions between those states [15].

Epidemic models, such as the Susceptible-Infected-Susceptible (SIS) [16], repre-
sent classical examples of RD dynamics. The SIS model, for instance, corresponds
to a RD process with two species of particles (individuals),infectedI and suscepti-
bleS, that interact through the reactions [16, 17]

S+ I
δ

−→ 2I ,

I
µ

−→ S.
(2)

The first reaction in Eq. (2) corresponds to the infection of asusceptible individual
by contact with an infected one, with a probability per unit of time (rate)δ . The
second reaction stands for the spontaneous healing of infected individuals at rateµ .
The behavior of this epidemic model is ruled by the ratioλ = δ/µ , the so-called
spreading rate. The main prediction of the model is the existence of an epidemic
thresholdλc, above which the dynamics reaches an endemic state, with a nonzero
density of infected individualsρI [17]. Below the threshold, on the other hand, any
epidemics dies out in the long term, and the systems is disease-free.

Much is known about the behavior of RD processes on regular homogeneous lat-
tices. In particular, theoretical formalisms have been proposed that allow for general
descriptions of the process in terms of field theories [18, 19, 20, 21] which are then
susceptible of analysis by means of the renormalization group technique [22]. For
example, for the simplest RD process, the diffusion-annihilation process [23]

A+A
λ

−→ /0 (3)

in regular lattices of Euclidean dimensiond, it is well known that the local density
of A particles,ρ(x, t), is ruled by a Langevin equation [24],

∂ρ(x, t)
∂ t

= D∇2ρ(x, t)−2λρ(x, t)2 +η(x, t), (4)

whereη(x, t) is a Gaussian white noise, with correlations

〈η(x, t)η(x′, t ′)〉 = −2λρ(x, t)2δ d(x−x′)δ (t − t ′). (5)

Dynamical renormalization group arguments show that the average density ofA
particles,ρ(t) = 〈ρ(x, t)〉, behaves in the large time limit as

1
ρ(t)

−
1
ρ0

∼ tα , (6)

whereρ0 is the initial particle density, and the exponentα takes the valuesα = d/dc

for d≤ dc andα = 1 for d > dc, wheredc = 2 is the critical dimension of the process.
For d > dc one thus recovers the homogeneous mean-field solution
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ρ(t) ∼ t−1, (7)

obtained from Eq. (4) by setting the diffusion coefficientD and the noise termη(x, t)
equal to zero.

When the substrate is not a regular lattice but a complex network with the proper-
ties described above, the powerful machinery of the renormalization group becomes
incapable of solving the problem. The reason is rooted in thesmall-world property
and the lack of a metric structure that renders the very concept of renormalization
meaningless. We can then say that, in comparison, the study of the interplay of RD
processes with the heterogeneous topology of a complex network is still in its in-
fancy.

RD processes in complex networks are usually defined within a“fermionic” point
of view, in which each vertex can hold at most one particle. Diffusion and dynamics
are thus coupled, in the sense that particles perform randomjumps between adja-
cent vertices and react upon landing on an already occupied vertex. This formalism
has been applied, both theoretically and numerically, to the case of binary diffusion-
annihilation processes with a single speciesA+A→ /0 [25, 26] and with two species
A+ B→ /0 [25, 27]. From the study of those systems, it has been already possible
to shed some light on RD dynamics, which turns out to have an unexpected and
interesting behavior when the substrate network is SF with an exponent 2< γ ≤ 3.
The long term dynamics, for instance, is always faster than in lattices, with the
exponentα > 1. Besides, the dynamics evolves in a hierarchical fashion,with the
concentration of particles first decaying at low degree vertices, then at higher degree
vertices and so on until the concentration of particles in the vertices with the max-
imum degree starts decreasing. Another striking difference as compared to lattices
is the absence of depletion zones in theA+ A → /0 process and the lack of segre-
gation between species in theA+B→ /0 one which, again, is a consequence of the
small-world property.

In this chapter we provide a review of the main results obtained in the mod-
eling of binary fermionic RD processes in SF networks. We have organized it as
follows: in section 2 we summarize the standard analytical technique used to deal
with dynamical processes on complex networks, namely heterogeneous mean-field
(MF) theory. Applied to the case of RD processes, we focus on ageneral process
that encompasses bothA+A→ /0 andA+B→ /0 as particular cases. We show the
general procedure to obtain a MF rate equation for the particle density, and how to
solve it both in finite networks (within the so-called diffusion-limited regime) and
in the infinite network size limit, by means of a continuous degree approximation.
Section 3 is devoted to show the results than can be obtained by means of numerical
Monte Carlo simulations. After checking the analytical predictions of MF theory,
we consider other aspects numerically observed in this kindof systems: the lack of
depletion and segregation effects, which can be related to the density correlations
of particles; the role of the degree in the annihilation dynamics; the effects of the
minimum degree of the network substrate; and the effects of global constraints, such
as the absence of loops (tree topologies). Finally, in section 4 we present an outlook
of the future venues of research in the field of RD processes incomplex networks.
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2 Analytical description of diffusion-annihilation processes in
complex networks

Let us consider the most general two species diffusion-annihilation process, given
by particles of two speciesA andB, and that is defined by the reaction rules

A+A→ /0 with probabilitypaa

A+B→ /0 with probabilitypab

B+B→ /0 with probabilitypbb.

(8)

The processes take place on an arbitrary complex network of size N, each vertex
of which can host at most one particle. The dynamics of the process is defined
as follows: At rateλ , an A particle chooses one of its nearest neighbor. If it is
empty, the particle fills it, leaving the first vertex empty. If the nearest neighbor is
occupied by anotherA particle, the two particles annihilate with probabilitypaa,
leaving both vertices empty. If the nearest neighbor is occupied by aB particle,
both particles annihilate with probabilitypab. If the annihilation events do not take
place, all particles remain in their original positions. The same dynamics applies to
B particles if we replacepaa by pbb. We also assume that the diffusion rateλ is the
same for both types of particles. It is easy to see that, with this formulation,paa =
pbb = pab = 1 corresponds to theA+A→ /0 process since, in this case, there is no
way to distinguish betweenA andB particles. On the contrary, settingpaa = pbb = 0
andpab = 1, one recovers theA+B→ /0 process.

2.1 Heterogeneous mean-field formalism

The inherent randomness in the topology of complex networksforces us to describe
them using a statistical framework. In this chapter, we consider the simplest statis-
tical description of a network in terms of the properties of single vertices (degrees)
and correlations between pairs of such vertices, the so-called degree-degree correla-
tions. Single vertex statistical properties are encoded inthe degree distributionP(k)
and degree-degree correlations are described by the conditional probabilityP(k′|k)
that a vertex of degreek is connected to a vertex of degreek′ [28]. We should note
that all the results presented here are correct for networksmaximally random –in
the sense of maximizing the entropy of the network– under theconstraints of hav-
ing given functionsP(k) and P(k′|k). Once this assumption is done, we can get
some analytical insights on the behavior of diffusion-annihilation processes by ap-
plying the heterogeneous MF theory –a mean-field description of the dynamics that
discriminates between degree classes [26, 27].

To study analytically this process within this approximation, we are forced to
consider the partial densitiesρa

k (t) andρb
k (t), representing the density ofA andB



6 M. Catanzaro, M. Bogũná, and R. Pastor-Satorras

particles in vertices of degreek, or, in other words, the probabilities that a vertex of
degreek contains anA or B particle at timet [12, 29]. From these partial densities,
the total densities ofA andB particles are recovered from

ρa(t) = ∑
k

P(k)ρa
k (t) and ρb(t) = ∑

k

P(k)ρb
k (t). (9)

While it is possible to obtain rate equations for the densities ρa
k (t) and ρb

k (t) by
means of intuitive arguments [12, 30], in the following we will pursue a more micro-
scopical approach [26], which can be generalized to tackle other kind of problems.

Let us consider the process defined in Eq. (8) on a network ofN vertices which
is fully defined by its adjacency matrixai j , taking the valuesai j = 1 if verticesi
and j are connected by an edge and 0 otherwise. Letna

i (t) be a dichotomous ran-
dom variable taking value 1 whenever vertexi is occupied by anA particle and 0
otherwise. Analogously, letnb

i (t) be a dichotomous random variable taking value 1
whenever vertexi is occupied by aB particle and 0 otherwise. Notice that with the
previous definition, the random variable 1− na

i (t)− nb
i (t) takes the value 1 when

vertex i is empty and is zero in any other situation, so that it defines the com-
plementary event of being occupied by anA or B particle. This property assures
the correct fermionic description of the dynamics. The state of the system at time
t is completely defined by the state vectorsna(t) = {na

1(t),n
a
2(t), · · · ,n

a
N(t)} and

nb(t) = {nb
1(t),n

b
2(t), · · · ,n

b
N(t)}, denoted for simplicityn(t) ≡ (na(t),nb(t)). As-

suming that diffusion and annihilation events of the particles follow independent
Poisson processes [14], the evolution ofn(t) after a time incrementdt can be ex-
pressed as

na
i (t +dt) = na

i (t)η(dt)+ [1−na
i (t)−nb

i (t)]ξ (dt), (10)

with an analogous equation for the occupancy ofB particles,nb
i . Notice that the two

terms in the r. h. s. of Eq. (10) cannot be different from zero simultaneously since
they represent events that exclude each other –either vertex i holds anA particle (the
first term) or it does not (the second one). In this way, the evolution at timet +dt is
tied to the state of the system at the previous timet.

The variablesη(dt) and ξ (dt) in Eq. (10) are dichotomous random variables
taking values

η(dt) =



































0 with prob. λdt

[

1−∑
j

ai j [(1− paa)na
j (t)+(1− pab)nb

j (t)]

ki

+ ∑
j

ai j [paana
j (t)+ pabnb

j (t)]

k j

]

1 otherwise

, (11)

and
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ξ (dt) =











1 with prob.λdt∑
j

ai j na
j (t)

k j

0 otherwise

, (12)

whereλ is the jumping rate that, without loss of generality, we set equal to 1. The
first term in Eq. (10) stands for an event in which vertexi is occupied by anA
particle and, during the time interval(t, t +dt), it becomes empty either because the
particle in it decides to move to another empty vertex or because it annihilates with
one of its nearbyA or B particles. The second term corresponds to the case in which
vertex i is empty and anA particle in a neighboring vertex ofi decides to move to
that vertex1. Taking the average of Eq. (10), we obtain

〈na
i (t +dt)|n(t)〉 = na

i (t)

−

[

−∑
j

ai j [(1− paa)na
i (t)n

a
j (t)+(1− pab)na

i (t)n
b
j (t)]

ki

+ na
i (t)+ ∑

j

ai j [paana
i (t)n

a
j (t)+ pabna

i (t)n
b
j (t)]

k j

]

dt

+ [1−na
i (t)−nb

i (t)]∑
j

ai j na
j (t)

k j
dt,

(13)

equation that describes the average evolution of the system, conditioned to the
knowledge of its state at the previous time step. Then, aftermultiplying Eq. (13)
by the probability to find the system at staten at timet, and summing for all possi-
ble configurations, we are led to

dρa
i (t)
dt

= −ρa
i (t)+∑

j

ai j [(1− paa)ρaa
i j (t)+(1− pab)ρab

i j (t)]

ki

− ∑
j

ai j [paaρaa
i j (t)+ pabρab

i j (t)]

k j
+∑

j

ai j [ρa
j (t)−ρaa

i j (t)−ρba
i j (t)]

k j
,

(14)

where we have introduced the notation

ρa
i (t) ≡ 〈na

i (t)〉 , ρb
i (t) ≡ 〈nb

i (t)〉, (15)

ρaa
i j (t) ≡ 〈na

i (t)n
a
j (t)〉 and ρab

i j (t) ≡ 〈na
i (t)n

b
j (t)〉. (16)

Notice thatρab
i j (t) 6= ρba

i j (t).

1 Notice that the random variablesη(dt) andξ (dt) are not independent, since both involve some
common random movements. This fact, however, does not affect the mean-field analysis, which do
not involve cross correlations between them.
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The derivation presented so far is exact, but difficult to deal with. However, it
is possible to obtain useful information if we restrict our analysis to the class of
random networks with given degree distribution and degree-degree correlations but
maximally random at all other respects. For this class of networks, vertices of the
same degree can be considered as statistically equivalent.In mathematical terms,
this means that [30]

ρa
i (t) ≡ ρa

k (t) ∀i ∈ V (k), (17)

ρb
i (t) ≡ ρb

k (t) ∀i ∈ V (k), (18)

ρaa
i j (t) ≡ ρaa

kk′(t) ∀i ∈ V (k), j ∈ V (k′) (19)

ρab
i j (t) ≡ ρab

kk′(t) ∀i ∈ V (k), j ∈ V (k′), (20)

whereV (k) is the set of vertices of degreek. Besides, the small world property
present in this class of networks makes them objects of infinite dimensionality, well
described by a MF theory. In such situation, correlations between elements can be
neglected and, consequently, we can approximate two point correlations functions
asρkk′(t) ≃ ρk(t)ρk′(t). Using these ideas in Eq. (14) we can write the following
closed equation for the degree-dependent densities

dρa
k (t)

dt
= − ρa

k (t)+ρa
k (t)∑

k′
P(k′|k)

[

(1− paa)ρa
k′(t)+(1− pab)ρb

k′(t)
]

− ρa
k (t)∑

k′

kP(k′|k)
k′

[

paaρa
k′(t)+ pabρb

k′(t)
]

+ (1−ρa
k (t)−ρb

k (t))∑
k′

kP(k′|k)
k′

ρa
k′(t),

(21)

where we have made use of the identity [30]

1
NP(k) ∑

i∈V (k)
∑

j∈V (k′)

ai j = kP(k′|k). (22)

The equation for the density ofB particles can be obtained from Eq. (21) by swap-
ping indicesa andb.

Eq. (21) can be further simplified if we assume thatA andB particles react among
them with the same probability, that is,paa = pbb. In this case (and assuming also
the same concentration ofA andB particles att = 0), the total density of particles in
vertices of degreek, ρk(t) = ρa

k (t)+ρb
k (t), can be written as

dρk(t)
dt

= −ρk(t)+(1−µ)ρk(t)∑
k′

P(k′|k)ρk′(t)

+ [1− (1+ µ)ρk(t)]∑
k′

kP(k′|k)
k′

ρk′(t), (23)

while the total densityρ(t) = ∑k P(k)ρk(t) fulfills the differential equation
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dρ(t)
dt

= −2µ ∑
k

P(k)ρk(t)Θk(t), (24)

where we have used the degree detailed balance condition [28]

kP(k)P(k′|k) = k′P(k′)P(k|k′). (25)

In Eq. (24) we have defined

Θk(t) = ∑
k′

P(k′|k)ρk′(t) (26)

as the probability that a randomly chosen edge in a vertex of degreek points to
a vertex occupied by anA or B particle, while the parameterµ ∈ [0,1] is defined
as µ = (paa + pab)/2. In this way, by settingµ = 1/2 we recover the equation
describing theA+B→ /0 process [27], whereasµ = 1 describes theA+A→ /0 one
[26]. It is interesting that, in this case, the model is described by a single parameter
µ , even if, originally, there were two of them,paa andpab. This implies that there is
a whole set of different models which are governed by the samedynamical equation.

2.2 Finite networks: Diffusion-limited regime

In the case of networks with a general pattern of degree correlations, the solution
of Eq. (23) depends on the nature of the conditional probability P(k′|k) and can be
a rather demanding task [31]. General statements on the total density of particles
can be made, however, in the limit of very long time and very small particle density,
when the concentration of particles is so low that the RD process is driven essentially
by diffusion. In this diffusion-limited regime, it is possible to estimate the behavior
of ρ(t), which turns out to be independent of the correlation pattern of the network.

If we consider Eq. (23) in the limitρk → 0 (i.e. at large times), linear terms
dominate, and we can consider the simplified linear equation

dρk(t)
dt

≃−ρk(t)+∑
k′

kP(k′|k)
k′

ρk′(t), (27)

that is, the density behaves as in a pure diffusion problem. The time scale for the
diffusion of the particles is much smaller than the time scale for two consecutive
reaction events. Therefore, the partial density can relax to the stationary state of
Eq. (27) and is well approximated by a pure diffusion of particles [32, 33]

ρk(t) ≃
k
〈k〉

ρ(t), (28)

proportional to the degreek and the total instantaneous concentration of particles,
and independent of degree correlations. Inserting this quasi-static approximation
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back into the general Eq. (24), we obtain for long times and finite size networks the
equation

dρ(t)
dt

≃−2µρ(t)2 〈k
2〉

〈k〉2 , (29)

where〈k2〉 = ∑k k2P(k) is the second moment of the degree distribution. The solu-
tion of this equation is

1
ρ(t)

−
1
ρ0

≃ 2µ
〈k2〉

〈k〉2 t, (30)

that is, linear int with a prefactor depending on the fluctuations of the degree.For
homogeneous networks with a bounded degree distribution,〈k2〉 is finite, and so
is the density prefactor. In SF networks, the prefactor depends on the cutoff –or
maximum degree in the network–kc(N) [34], with

〈k2〉 ∼

{

kc(N)3−γ for γ < 3
lnkc(N) for γ = 3

, (31)

which is an increasing function of the network sizeN. The specific functional form
of kc on N depends, in general, on the particular model under consideration. For
uncorrelated SF networks, such as those created with the uncorrelated configuration
model (UCM) [35], we havekc(N) ∼ N1/2, the so-called structural cutoff [36]. For
correlated networks created with the configuration model (CM) [37], we have in-
stead a natural2 cutoff kc(N)∼ N1/(γ−1) [34]. Therefore, the behavior of the particle
density in the diffusion-limited regime can be summarized as

1
ρ(t)

∼















N(3−γ)/2t UCM, γ < 3
N(3−γ)/(γ−1)t CM, γ < 3
lnNt γ = 3
t γ > 3

. (32)

This result implies that, for the CM model, the diffusion-limited regime is reached
at lower particle concentrations as compared to the UCM. This result has been ob-
served in numerical simulations in Ref. [38].

2.3 Infinite networks: Continuous degree approximation

As we have mentioned before, the solution of the general Eqs.(23) and (24) can be
very difficult to obtain in networks with general correlationsP(k′|k). A completely
analytical solution in the limit of infinite size networks can, however, be obtained

2 The name “structural cutoff” refers to the fact that it is the maximum degree allowing us to built
uncorrelated networks. Beyond this limit, structural degree correlations appear as a consequence
of the closure of the network. Instead, “natural cutoff” refers to the expected maximum degree
when we generateN independent random trials from the degree distributionP(k) without actually
closing the network.
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in the case of uncorrelated networks, in which the conditional probability takes the
simple formP(k′|k) = k′P(k′)/〈k〉 [30]. For this class of networks, the rate equation
is

dρk(t)
dt

= −ρk(t)+(1−µ)Θ(t)+ [1− (1+ µ)ρk(t)]
k
〈k〉

ρ(t), (33)

and
dρ(t)

dt
= −2µρ(t)Θ(t), (34)

where we have defined

Θ(t) =
1
〈k〉 ∑

k

kP(k)ρk(t). (35)

In order to solve Eq. (33), we perform aquasi-staticapproximation. From the
homogeneous MF solution of theA+ A → /0 andA+ B → /0 processes, we expect
ρ(t) to be a decreasing function with a power-law-like behavior.In this case, for
large enough times, the time derivative ofρ(t) will be much smaller that the density
proper, that is,∂tρ(t)≪ ρ(t). Extending this argument to the partial densitiesρk(t),
at long times we can neglect the left-hand-side term in Eq. (33), and solve forρk(t)
as a function of the density, obtaining

ρk(t) =

kρ(t)
〈k〉

1+(1+ µ)
kρ(t)
〈k〉

− (1−µ)Θ(t)
. (36)

Substituting this approximation into the expression forΘ(t), we get

Θ(t) =
1

〈k〉2[1− (1−µ)Θ(t)] ∑k
P(k)k2ρ(t)

1+ 1+µ
1−(1−µ)Θ(t)

kρ(t)
〈k〉

. (37)

Solving this self-consistent equation, we can findΘ(t) as a function ofρ(t), and
then proceed to solve Eq. (34). For heterogenous networks with a diverging second
moment, as in the case of SF networks, we have to consider carefully the solution
of Eq. (37). If we consider a continuous degree approximation, uncorrelated SF net-
works in the infinite size limit are completely determined bythe normalized degree
distribution

P(k) = (γ −1)mγ−1k−γ , (38)

wherem is the minimum degree in the network, and we are approximating k as a
continuous variable. The average degree is thus〈k〉 = m(γ −1)/(γ −2). Within this
approximation, Eq. (37) can be written as

Θ(t) =
(γ −1)mγ−1ρ(t)

〈k〉2[1− (1−µ)Θ(t)]

∫ ∞

m

k2−γ

1+ 1+µ
1−(1−µ)Θ(t)

kρ(t)
〈k〉

dk (39)
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=
1

1+ µ
F

[

1,γ −2,γ −1,−
〈k〉[1− (1−µ)Θ(t)]

m(1+ µ)ρ(t)

]

(40)

whereF [a,b,c,z] is the Gauss hypergeometric function [39]. Assuming bothΘ(t)
andρ(t) small (i.e. for sufficiently long times), we can use the asymptotic expansion
of the Gauss hypergeometric function

F [1,γ −2,γ −1,−1/z] ∼







zγ−2 γ < 3
−zlnz γ = 3
z γ > 3

, for z→ 0, (41)

to obtain and explicit expression ofΘ(t) as a function ofρ(t). Inserting it into the
rate equation forρ(t) and integrating, we obtain the explicit solutions in the long
time limit for infinite size uncorrelated SF networks

1
ρ(t)

∼







t1/(γ−2) γ < 3
t ln t γ = 3
t γ > 3

. (42)

That is, apart from irrelevant prefactors, the leading solution is independent ofµ ,
and therefore the same for bothA+A→ /0 andA+B→ /0 processes [26, 27].

The analytical exponents derived above are exact for infinite size networks. How-
ever, they may be difficult to observe in real computer simulations performed on
networks of finite size. We can see this fact from the quasi-static approximation
Eq. (36), in which, for the sake of simplicity, we will focus in the caseµ = 1
(A+A→ /0 process). Indeed, for a power-law degree distribution, the largest weight
in the sum in Eq. (37) is carried by the largek values. If the network is composed of
a finite number of vertices,N, as it always happens in numerical simulations, it has
a cutoff or maximum degreekc(N), Thus, there exists a cross-over timetc, defined
by

2kc(N)ρ(tc)
〈k〉

∼ 1, (43)

such that, fort > tc the particle density is so small that we can approximate

ρk(t) ≃
k
〈k〉

ρ(t), (44)

which corresponds to the diffusion-limited regime discussed in Section 2.2. There-
fore, for t > tc, we should expect to observe a linear behavior on 1/ρ(t), instead of
the power-law predicted in infinite networks for the continuous degree approxima-
tion, while the region for the asymptotic infinite size behavior should be observed
for t < tc. From Eqs. (43) and (42) we can predict

tc(N) ∼ kc(N)γ−2 ∼ N(γ−2)/2 (45)

for uncorrelated networks. This is an increasing function of N for γ < 3 and so one
should expect that the region in which the infinite size behavior is observed must
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be increasing withN. However, the width of this region must be properly compared
with the total surviving time of the process in a finite network. Assuming that at long
times the process is dominated by the diffusion-limited regime, Eq. (32), we can
estimate the total duration of the process as the timetd at which only two particles
remain, that is,

ρ(td) ∼
2
N

. (46)

From this definition, we can estimate

td(N) ∼ N(γ−1)/2. (47)

The ratio of the crossover time to the total duration of the process is thus

tc(N)

td(N)
∼ N−1/2, (48)

that is, a decreasing function ofN. Therefore, the RD dynamics is dominated by its
diffusion-limited regime. Consequently, even for very large systems, the asymptotic
infinite size behavior will be very difficult to observe whereas the diffusion-limited
regime will span almost all the observation time.

3 Numerical simulations

The general process described by the reactions (8) can be easily implemented in
numerical simulations using a sequential updating algorithm [15]. An initial fraction
ρ0 < 1 of vertices in the networks are chosen and randomly occupied by aρ0N/2
particles of speciesA andρ0N/2 particles of speciesB. At time t in the simulation,
a vertex is randomly chosen among then(t) = nA(t) + nB(t) vertices that host an
A or B particle at that time. One of its neighbors is selected also at random. If it
is empty, the particle moves and occupies it. If it contains aparticle, both particles
react according to the rules in Eq. (8) and the particle numbers nA(t) andnB(t) are
updated according to the result of the reaction step. In any case, time is updated as
t → t +1/n(t).

RD simulations are run on SF networks generated using the uncorrelated config-
uration model (UCM) [35], which is defined as follows. 1) We first assign to each
vertexi –in a set ofN initially disconnected vertices– a degreeki extracted from the
probability distributionP(k)∼ k−γ , and subject to the constraintsm≤ ki ≤N1/2 and
∑i ki even. 2) We then construct the network by randomly connecting the vertices
with ∑i ki/2 edges, respecting the preassigned degrees and avoiding multiple and
self-connections. Using this algorithm, it is possible to create SF networks whose
cutoff scales askc(N) ∼ N1/2 for any degree exponent, and which are completely
uncorrelated. If instead of bounding the maximum degree byN1/2, we leave degrees
unbounded (i.e.,m≤ ki ≤ N, like in the configuration model [40, 41, 42, 43]) and
proceed to assemble the network from step 2), avoiding the creation of multiple con-
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Fig. 1 Inverse average parti-
cle densityρ(t) as a function
of time for theA+A→ /0 pro-
cess in uncorrelated SF net-
works with different degree
exponents and sizeN = 106.
The dashed line corresponds
to the finite size behavior
1/ρ(t) ∼ t.
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nections and self-loops, the presence of very high degree vertices forγ < 3 leads to
a cutoff scaling askc(N) ∼ N1/(γ−2) and to the emergence of unavoidable structural
degree-degree correlations [44, 45, 36].

From the theoretical formalism developed in Section 2, it iseasy to see that the
second term in the right hand side of Eq. (23) describes diffusion events that cannot
take place because neighboring vertices are already occupied –whenpaa and pab

are smaller than 1. Therefore, it describes a jamming effectthat will be relevant
when the concentration of particles is large, that is, at short times. However, for suf-
ficiently long times and low concentration of particles, this jamming effect becomes
weak and this term can be neglected [27]. In this situation, the dynamics becomes
equivalent to theA+A→ /0 one. For this reason, in this section we will mainly focus
in the numerical results obtained for this particular case.

3.1 Density decay in uncorrelated networks

The main prediction of Section 2 is that the total density of particles should de-
cay with time in uncorrelated networks of infinite size as predicted by Eq. (42) and
as given by Eq. (32) in uncorrelated finite size networks in the diffusion-limited
regime. In Fig. 1, we represent the inverse particle densityfrom computer simula-
tions in networks with different degree exponentγ in UCM networks. At the initial
time regime, the growth of this function is faster for smaller values of the exponent
γ, in agreement with the theoretical prediction Eq. (42). At longer times, on the
other hand, finite size effects take over and one observes thelinear regime described
by Eq. (32).

The size dependence of the slope of the linear behavior in thediffusion-limited
regime can also be checked using numerical simulations. In Fig. 2, one can see that,
for a fixed degree exponentγ = 2.5, the curves for increasing values ofN show an
increase of the slope in the final linear region. Linear fits tothe final part of each
curve give an estimation of the increase of the slope as a function of N. We show this
slope in the inset of Fig. 2, in very good agreement with the theoretical prediction
Eq. (32).
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Fig. 2 Inverse average parti-
cle densityρ(t) as a function
of time for theA+ A → /0
process in uncorrelated net-
works with degree exponent
γ = 2.5 for different network
sizes. Inset: slope in the linear
regime as a function ofN,
according to the prediction in
Eq. (32)
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As we have discussed in section 2.3, even for the large network sizes consid-
ered in our simulations, the diffusion-limited regime takes over so quickly that
it is very difficult to perform a direct quantitative check ofthe predicted infinite
size limit regime. Using the simulation results presented in Fig. 2, we can give a
rough estimate of the size of the network needed to recover the predicted behavior
ρ(t) ∼ t−1/(γ−2). We perform fits of the formρ(t) ∼ t−αL in the time window from
t ≈ 10 to just before the diffusion limited regime for the different network sizes
considered. Figure 3 shows the dependence ofαL on the size of the network. The
growth of αL is extremely slow and can be well fitted by a logarithmic function.
Using this fitting, we can extrapolate at which size the observed exponent would
attain its theoretical valueα = 1/(γ −2). Forγ = 2.5, this method gives as a lower
boundN ≈ 6×109 far beyond the computing capabilities of modern computers.

3.2 Depletion, segregation, and dynamical correlations

One of the most relevant differences between diffusion-annihilation processes on SF
networks as compared to regular lattices or homogeneous networks is that in the first
case the dynamics is remarkably faster, with the particle density decaying in time
as a power law with an exponent larger than 1. This fact corresponds to the absence
of two mechanisms that are spontaneously generated in lattices and have a slowing

Fig. 3 Local exponentαL as
a function of the network size,
obtained by fitting a power
law function in the time
domain before the diffusion-
limited regime. Data form
Fig. 2.
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effect on dynamics: namely,depletion[46, 47] andsegregation[48]. The first one
appears inA+A→ /0 processes: a depletion zone of empty sites is generated around
any occupied site. The second takes place inA+ B → /0 processes: a particle is
typically surrounded by particles of the same type, generating an overall segregation
between the two species. Since particles have to get in contact or mix in order to
react, this phenomena result in a slowing down of the dynamics, characterized by a
power-law decrease of the density with an exponent smaller than 1 (see Eq. (6)).

A measure to detect this phenomenon in complex networks was introduced in
[25, 49]. In the case of theA+ A → /0 process, it was proposed to measure the
quantity

QAA(t) =
NAA(t)

n(t)[n(t)−1]
(49)

that is, the numberNAA(t) of close contacts between particles (a close contact is
defined by the existence of a link between two occupied vertices), divided by the
upper bound of the number of possible contacts between existing particles. A high
QAA(t) score (close to 1) corresponds to a case when nearly all particles form one
cluster, while a decrease of this value suggests that particles are placed apart from
each other. With the same line of reasoning, for theA+ B → /0 process one can
measure [25, 50]

QAB(t) =
NAB(t)

NAA(t)+NBB(t)
(50)

that is, the number of close contacts between unlike particles compared to the num-
ber of close contacts between particles of the same type. A high QAB(t) score cor-
responds to the case when particles of different type are mixed, while a decrease of
this value suggests that particles are segregated in homogeneous groups.

These measures, however, present some inconvenients. In the first one, Eq. (49),
the denominator does not take into account the specific topology of the network, and
compares the number of contacts with the upper bound of the number of possible
contacts (i.e. the number of possible contacts if all occupied sites were connected
to each other). A proper measure should take into account thereal possible contacts
between particles, which is determined by the special topology of the subgraphs
formed by the occupied sites. In the second case, Eq. (50), the number of connexions
NAB is not clearly related toNAA+NBB, yielding a quantity that could occasionally
diverge.

An alternative measure to quantify depletion and segregation is the explicit calcu-
lation of the density correlations proposed in Ref. [27]. Let us consider for simplicity
theA+A→ /0 process. One can define a particle correlation function bymeasuring
at a certain timet the average density of particles in the nearest neighbors ofan
occupied vertex,

ρnn(t) =
1

n(t)

〈

∑
i

ni(t)∑
j

ai j n j(t)

ki

〉

, (51)

where the brackets denote a dynamical average andni(t) is the occupation number
of vertexi at timet. Comparing this quantity with the overall densityρ(t), we can
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Fig. 4 Normalized density
correlations for theA+A→ /0
process as a function of time
for different time snapshots.
Dynamics run on uncorrelated
SF networks of degree expo-
nentγ = 2.5 and sizeN = 105.
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define the normalized correlation function:

χ(t) =
ρnn(t)
ρ(t)

. (52)

Whenχ(t) is smaller than one, the density in the surroundings of an occupied site is
smaller than the average density, which implies the presence of depletion, segrega-
tion or density anticorrelations. In the opposite case, when χ(t) is larger than one, in
the neighborhood of an occupied site the particle density islarger that the average,
signaling accumulation, mixing of particles or positive density correlations. The
caseχ(t) = 1 identifies lack of density correlations, in which particles are homoge-
neously distributed across the network substrate. Figure 4shows simulation results
of the normalized correlation functions for theA+A→ /0 process in UCM networks.
We can see that functionχ(t) is larger than 1 forγ ≤ 3, signaling the presence of
positive correlations, or, correspondingly, the absence of depletion zones, being the
surviving particles at any given time accumulated in closely connected clusters, a
fact that accelerates the annihilation dynamics with respect to Euclidean lattices,
in which segregation occurs. The absence of depletion is more marked for smaller
values ofγ, and only present at small time scales for values ofγ > 3.

Correlation measures can be resolved in degree, in order to yield information on
the effects of the topological structure of the network, by restricting the summation
in Eq. (51) to the degree classk:

ρnn(t;k) =
1

nk(t)

〈

∑
i∈V (k)

ni(t)∑
j

ai j n j(t)

k

〉

, (53)

and from which a normalized degree resolved correlation function can be defined,
namely

χ(t;k) =
ρnn(t;k)

ρ(t)
. (54)

Figure 5 shows simulation results for this quantity for theA+A→ /0 process. We
can see here that the connected clusters of particles evidenced in Fig. 4 correspond
to the neighborhoods of the vertices with largest degree, which show a largest value
of χ(t;k).
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Fig. 5 Normalized density
correlations for theA+A→ /0
process as a function of time
resolved in degree for differ-
ent time snapshots. Dynamics
run on uncorrelated SF net-
works of degree exponent
γ = 2.5 and sizeN = 105. The
dashed line marks the MF pre-
diction for lack of dynamical
correlations, Eq. (57).
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The increasing values of the functionχ(t) as the degree exponentγ decreases
can be understood within the MF formalism. The MF approximation assumes lack
of dynamical correlations between the concentration of nearby vertices. Under this
approach, the density product inside the brackets can be substituted by the product
of densities, yielding

ρ0
nn(t;k) =

1
nk(t)

∑
i∈V (k)

〈ni(t)〉∑
j

ai j
〈

n j(t)
〉

k
(55)

=
ρk(t)
nk(t)

∑
k′

ρk′(t) ∑
i∈V (k)

∑
j∈V (k′)

ai j

k
= ∑

k′
P(k′|k)ρk′ , (56)

where we have used the identity Eq. (22). For uncorrelated networks withP(k′|k) =
k′P(k′)/〈k〉 and assuming that the dynamics at large times is in its asymptotic
diffusion-limited regime (in finite networks)ρk ∼ kρ/〈k〉, Eq. (36), the degree re-
solved correlation function in absence of dynamical correlations takes the form

χ0(t;k) = χ0 =
〈k2〉

〈k〉2 , (57)

independent of time and degree, and being only a function of the degree fluctuations,
which increases asγ decreases, in agreement with numerical simulations. However,
the degree resolved correlation function shown in Fig. 5 is flat only for degrees
larger than 10, whereas it decreases as the degree decreases. Besides, the whole
curve is slightly smaller than the MF prediction (dashed line in Fig. 5). This is a
direct consequence of fact that, even if the network is small-world, there are some
dynamical correlations that try to place particles apart.

Density correlations can be extended to the case of theA+ B → /0 process, –or
to the more general process defined in Eq. (8)– in order to account for the lack of
particle segregation [27, 25] in this RD systems. In this case, coupled correlation
functions must be defined, starting from the quantityρα,β

nn (t;k), defined as the av-
erage density of particles of typeβ at the nearest neighbors of vertices of degreek
filled with α particles (α,β = A,B), namely,



Reaction-diffusion processes in scale-free networks 19

ρα,β
nn (t;k) =

1
nα

k (t)

〈

∑
i∈V (k)

nα
i (t)∑

j

ai j n
β
j (t)

k

〉

, (58)

the associated normalized density correlation function being given by

χα,β (t;k) =
ρα,β

nn (t;k)

ρβ (t)
. (59)

3.3 Degree effects on annihilation

The evolution of the dynamics in SF networks is better understood by analyzing its
resolution in degree. Indeed, the density of particles at any time t depends on the
degree of the vertex. At the MF level, the expression of the density of particles at
vertices of degreek, Eq. (36), for theA+ A → /0 process (µ = 1) takes the form,
within the quasi-static approximation,

ρk(t) =
kρ(t)/〈k〉

1+2kρ(t)/〈k〉
, (60)

which implies that high degree vertices host a constant density while low degree
vertices host a density of particles proportional to their degree [26]. In particular,
at any given timet the partial density of vertices with degree larger than〈k〉/2ρ(t)
is constant and equal to 1/2 up to timet. As the dynamics evolves, the fraction of
degrees associated to a constant density shrinks and more and more vertices acquire
a density proportional to their degree. For larget, no vertex is left in the network
with degree larger than〈k〉/2ρ(t). Therefore, when the density of particles satisfies
ρ(t) << 〈k〉/2kc (beingkc the maximum degree of the network), thenρk(t) ∼ k
in all degree range. Simulations confirm this picture, as reported by the plots of
the particle density at vertices of degreek for snapshots of the dynamics at various
times, Fig.6(top). We can further check the validity of Eq. (60) by noticing that, if it

Fig. 6 Degree dependence of
A+ A→ /0 dynamics on un-
correlated SF networks with
degree exponentγ = 3 and
sizeN = 105. Top: Particle
density at vertices of degree
k at different time snapshots.
Bottom: data collapse of the
partial densities according
to Eq. (61). The dashed line
represents a linear trend.
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20 M. Catanzaro, M. Bogũná, and R. Pastor-Satorras

holds, then the function

G(k, t) =
〈k〉ρk(t)

ρ(t)[1−2ρk(t)]
(61)

should satisfyG(k, t) = k, independently oft. This is confirmed in Fig. 6(bottom),
where we find a perfect collapse for widely separated time snapshots.

To understand this behavior, one has to consider that high degree vertices are
likely to have some of their numerous nearest neighbors occupied by particles, given
the correlated nature of the process (see section 4). Thus, in the high density regime,
high degree vertices are always surrounded by a large numberof occupied nearest
neighbors. Eventually, one of these nearby particles will diffuse into a hub, anni-
hilating the particle in it, if there was one, or filling the hub, if it was empty. This
implies that during this phase of the dynamics, hubs spend half of their time occu-
pied and the other half empty, explaining why, on average, the concentration is 1/2.
In other words, hubs act as drains through which particles vanish while their density
is steadily maintained constant by a continuous replacing of nearby particles [26].
The absence of such replacing mechanism implies the decrease of the partial den-
sity of low degree vertices. However, as the global density decrease, the replacing
mechanism gets more and more restricted to a shrinking fraction of very high degree
vertices. In the end, the mechanism disappears and the only factor determining the
density becomes the probability of being visited by a diffusing particle. Thus, the
density gets proportional to the degree,ρk(t)∼ kρ(t)/〈k〉, similarly to what happens
in a pure random walk [32].

This picture is further confirmed by the analysis of the annihilation rates at ver-
tices of different degrees [51]. Letmt(k) be the probability that an annihilation event
takes place in a single vertex of degreek during the intervalt andt +dt. At the MF
level, this rate corresponds to the annihilation term in Eq.(23)

mt(k) = 2ρk(t)∑
k′

kP(k′|k)
k′

ρk′(t), (62)

that, in the uncorrelated case, reads

mt(k) =
2kρk(t)ρ(t)

〈k〉
. (63)

Therefore, the probability per unit of time of an annihilation event in any vertex in-
creases with the probability that it is occupied and with thenumber of links pointing
to it. As a consequence, for large degrees and moderate times, such thatρk(t)∼ 1/2,
we havemt(k) ∼ k, while for small degrees, for whichρk(t) ∼ k, we expect the be-
haviormt(k) ∼ k2. This picture in confirmed by the numerical simulations reported
in Fig. 7 for different snapshots of the dynamics. To computemt(k) numerically,
we first compute the quantityMt(k), defined as the annihilation rate for the class of
degreek. This new quantity is computed as the ratio between the number of annihi-
lation events happening at vertices of degreek and the total number of annihilation
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Fig. 7 Probability per unit of
time that an annihilation event
takes place in a vertex of de-
greek, mt(k), at different time
snapshots, for theA+A→ /0
dynamics on uncorrelated SF
networks with degree expo-
nentγ = 3 and sizeN = 105.
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events during the interval[t, t +δ t], for δ t small. Finally, the annihilation rate at sin-
gle vertices is computed asmt(k) = Mt(k)/(δ tNP(k)). We consider the time interval
δ t = 10.

3.4 Effects of the minimum degree of the network

The MF predictions presented in Section 2 refer to generic uncorrelated SF net-
works. In all these results, the role of the minimum degree ofthe network,m, turns
out to be irrelevant. It has been claimed, however, that dynamics performed in net-
works withm= 1 deviate from the theoretically predicted behavior, whichis only
recovered form> 1 [38]. In Ref. [38] this deviation is attributed to some property
of the topology related to the presence of dead ends in the network.

However, the observed deviations can be simply understood by considering that
the dynamics is performed in this case on an effective topology with anomalies in
the degree distribution and correlation spectrum. Indeed,it is impossible to generate
SF networks both uncorrelated and globally connected when the minimum degree is
m= 1 [35, 52]. In this case, a SF network always breaks up into a set of disconnected
components –unless we introduce some correlations in orderto avoid it. Therefore,
the dynamics must be performed on the giant connected component (GCC) [34] of
the resulting network, which has a topological structure that deviates from that of
the total graph. Fig. 8 shows this effect. The degree distribution for low degrees of
the GCC does not match the one for the whole network, Fig. 8(top). Besides, degree-
degree correlations emerge in the GCC at the same range of degrees, Fig. 8(bottom),
detected in this case by the average degree of the nearest neighbors of vertices of
degreek, k̄nn(k) [28]. The consequence of this change in the topology of the graph is
a slowing down of the initial part of the dynamics. This can beseen in Fig. 9, where
we plot the inverse of the particle density as a function of time for SF networks
generated with the UCM algorithm withm= 1 andm= 2.

A deeper insight is gained by looking at the degree resolution of the density,
Fig. 9(inset). While in a connected (m> 1) network, low degree vertices immedi-
ately acquire a density proportional to their degree (see Sec. 3.3), this process is
much slower on the GCC of a network withm= 1, where low degrees exhibit de-
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Fig. 8 Degree distribution
(top) and correlations (bot-
tom) for a UCM networks
with γ = 2.7, m = 1, and
sizeN = 105 The difference
between the topology of the
whole network and the GCC
affects low degree vertices,
where the GCC distribution
deviates from the theoretical
one and correlations appear.
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viations from the expected degree distribution and correlations. Nevertheless, the
global dynamics is dominated in the long term by high degree vertices, whose de-
gree distribution and correlations are coherent with the expected ones. This explains
why the density displays for long times the expected linear trend. Moreover, one
can see that, after a transient period, the degree resolution of the density behaves as
predicted by the MF theory.

3.5 Effects of a tree topology

Substantial deviations from the theoretically predicted trends in RD processes are
observed when the dynamics is performed on networks withm= 1 and absence of
loops, i.e. on trees [53], deviations that also show up in other dynamical systems [54,
55]. In this case, the process experiences a slowing-down and never reaches the
asymptotic linear trend that dominates the dynamics in looped networks.

While the UCM model generates looped networks with arbitrarydegree distribu-
tions3, in the case of loopless networks we have only available the Barabasi-Albert

Fig. 9 Density of surviving
particles in SF networks with
γ = 2.5, N = 105, generated
with the UCM algorithm for
m= 1 (restricted to the GCC)
and m = 2. Inset: degree
resolution of the density at
timest = 10,100 and 1000
(from up to down).
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Fig. 10 Density of surviving
particles in a tree structured
and looped network: BA
networks with sizeN = 106

and minimum degreem= 1,2.
The dashed line represents the
linear trend. Inset: plot the
same quantity divided byt.
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model (BA) [6] with m = 1 andγ = 34 Thus, we restrict our comparison to this
value of the degree exponent. In Fig. 10, we compare results of numerical simu-
lations of the diffusion annihilation process on uncorrelated SF networks with and
without loops. The Figure shows that the dynamics on trees issystematically slowed
down and never reaches a linear trend. A direct fit of the powerlaw slope at long
times yields the exponentαT ∼ 0.9. The effective exponent smaller than 1 is further
stressed in the inset of Fig. 10, where we plot the inverse density divided byt. This
slowing down is a general feature of dynamical systems with adiffusive component,
which can be related with the observed slowing down of simplediffusion (random
walks) in tree networks [53, 58].

Interestingly, the degree dependence of the annihilation diffusion dynamics on
trees is different from the looped networks case, as it was first noticed in Ref. [53].
In Fig. 11(top) one can see that the partial density in the hubs never reaches a linear
trend and rather displays a sub-linear increase. This results in a kind ofdepletion
of the trees’ hubs, that impedes them to ever gain a density proportional to their
degrees. The effects of high degree depletion are reflected as well in the probability
mt(k) of an annihilation event in a vertex of degreek. The asymptotic quadratic
trend observed in looped networks is never reached in trees,Fig. 11(bottom).

Fig. 11 Degree dependence
of A+ A → /0 dynamics on
uncorrelated SF trees with
degree exponentγ = 3 and
sizeN = 105. Top: Particle
density at vertices of degree
k at different time snapshots.
Bottom: Probability that an
annihilation event takes place
in a vertex of degreek at
different time snapshots.
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γ, but intrinsically correlated except forγ = 3 [57].
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Fig. 12 Surviving occupation
probability of A+ A → /0
dynamics on uncorrelated
SF with degree exponent
γ = 3 and sizeN = 105 and
different time snapshots. Top:
results for looped networks
(m= 2). Bottom: results for
tree networks (m= 1).
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An insight in the origin of this depletion is gained by measuring the occupation
probability of a single site of degreek. We further restrict this measure by consider-
ing the surviving occupation probability of vertices of degreek at timet

st(k) =
Ps

t (k)
n(k)

, (64)

wherePs
t (k) is the occupation probability of degree classk at time t, computed

including not all particles present at anyt ′ < t, but only those that will survive until
t, that is, that have performed a random walk of lengtht without ever encountering
other particles. The results for this quantity as measured by simulations are reported
in Fig. 12 for trees and looped uncorrelated networks withγ = 3. For any timet
the ensemble of surviving particles is composed by those that have performed only
diffusive steps untilt, without experiencing any annihilation. However, the outcome
of the simulations suggest that their random walk is biased.Indeed,st(k) is strongly
sublinear at high degrees, suggesting that the surviving random walks are those that
have “avoided” high degree vertices. This is reasonable, since high degree vertices
are those that host the higher density of particles and therefore falling on a high
degree vertex almost surely implies for a walker to annihilate.

In reaction diffusion dynamics on looped networks this biasprogressively dis-
appear when the global density decreases, so that the particles surviving for large
times end up exploring the network as pure random walkers. Onthe contrary, the
bias is always present in tree structured networks.

4 Outlook

In this chapter we have reviewed the main results reported for reaction-diffusion
processes on complex networks. As we have seen, many non-expected and interest-
ing effects arise, as compared to regular lattices. More newresults can be expected
in the future, as both the analytical framework that has beendeveloped and the nu-
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merical techniques employed can be easily generalized to deal with different RD
processes.

However, all the results and derivations presented so far correspond to afermionic
version of the RD dynamics, which suffers from two conceptual drawbacks: first,
there is no systematic framework for the description of thiskind of processes, and
both numerical models and theoretical approximations (through heterogeneous MF
theory) must be considered on a case by cases basis; and second, while it is relatively
easy to deal with RD processes with reactions of order 2 (involving at most two
particles), it becomes more problematic to implement reactions among three or more
particles. Some attempts have been made in this direction. For example, in Ref. [59]
the three-species processA+ B+C → /0 was considered. However, to implement
it within a fermionic formalism, the authors of [59] had to consider the presence
of “intermediate” particles, produced by the reaction of two of the species, that
afterwards can react with the third species to produce an actual annihilation event.

These type of multi-body interactions can be easily accounted for in a more gen-
eralbosonicversion of the dynamics, in which more than one particle are allowed
to occupy a single vertex simultaneously. In this framework, reactions take place
inside the vertices, with no restrictions regarding their order, and the interaction be-
tween vertices is mediated exclusively by diffusion. While some preliminary inter-
esting work has been done in this direction [60, 61, 62], the full possibilities that the
bosonic approach offers to the investigation of RD processes remain to be explored.
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36. M. Bogũná, R. Pastor-Satorras, A. Vespignani, Euro. Phys. J. B38, 205 (2004)
37. M.E.J. Newman, inHandbook of Graphs and Networks: From the Genome to the Internet, ed.

by S. Bornholdt, H.G. Schuster (Wiley-VCH, Berlin, 2003), pp. 35–68
38. L.K. Gallos, P. Argyrakis, Phys. Rev. E72, 017101 (2005)
39. M. Abramowitz, I.A. Stegun,Handbook of mathematical functions.(Dover, New York, 1972)
40. A. Bekessy, P. Bekessy, J. Komlos, Stud. Sci. Math. Hungar.7, 343 (1972)
41. E.A. Bender, E.R. Canfield, Journal of Combinatorial Theory A 24, 296 (1978)
42. B. Bollob́as, Eur. J. Comb.1, 311 (1980)
43. M. Molloy, B. Reed, Random Struct. Algorithms6, 161 (1995)
44. J. Park, M.E.J. Newman, Phys. Rev. E66, 026112 (2003)
45. S. Maslov, K. Sneppen, A. Zaliznyak, Physica A333, 529 (2004)
46. D. Torney, H. McConnell, J. Phys. Chem.87, 1441 (1983)
47. D. Torney, H. McConnell, Proc. R. Soc. Lond. A387, 147 (1983)
48. D. Toussaint, F. Wilczek, J. Chem. Phys.78, 2642 (1983)
49. L.K. Gallos, P. Argyrakis, J. Phys.: Condens. Matter19, 065123 (2007)
50. J. Newhouse, R. Kopelman, J. Phys. Chem.92, 1538 (1988)
51. L.K. Gallos, P. Argyrakis, Phys. Rev. E74, 056107 (2006)
52. R. Cohen, K. Erez, D. ben Avraham, S. Havlin, Phys. Rev. Lett. 85, 4626 (2000)
53. J.D. Noh, S.W. Kim, Journal of the Korean Physical Society48, S202 (2006)



Reaction-diffusion processes in scale-free networks 27

54. C. Castellano et al., Phys. Rev. E71, 066107 (2005)
55. L. Dall’Asta, A. Baronchelli, A. Barrat, V. Loreto, Phys. Rev. E74, 036105 (2006)
56. S.N. Dorogovtsev, J.F.F. Mendes, A.N. Samukhin, Phys. Rev. Lett. 85, 4633 (2000)
57. A. Barrat, R. Pastor-Satorras, Phys. Rev. E71, 036127 (2005)
58. A. Baronchelli, M. Catanzaro, R. Pastor-Satorras. Randomwalks on scale-free trees (2008).

E-print arXiv:0801.1278v1 [cond-mat.stat-mech]
59. K.H. Chang, K.G. Park, K.D. Ahan, S.Y. Kim, D.H. Ha, K. Kim, Journal of the Physical

Society of Japan76, 035001 (2007)
60. V. Colizza, R. Pastor-Satorras, A. Vespignani, Nature Physics3, 276 (2007)
61. V. Colizza, A. Vespignani, Phys. Rev. Lett.99, 148701 (2007)
62. A. Baronchelli, M. Catanzaro, R. Pastor-Satorras. Bosonicreaction-diffusion processes on

scale-free networks (2008). E-print arXiv:0802.3347v1 [cond-mat.stat-mech]





Index

adjacency matrix, 6

bosonic processes, 25

configuration model, 13
continuous degree approximation, 11

degree cutoff, 10, 12, 13
degree-degree correlations, 5, 8–10, 14, 21, 22
density correlations, 4, 16–18
depletion zones, 4, 16
diffusion-limited regime, 9

epidemic models, 3

fermionic processes, 4, 6, 25

giant connected component, 21

heterogeneous mean-field theory, 4, 5, 25

quasi-static approximation, 11

reaction-diffusion processes, 2

scale-free networks, 2
segregation, 4, 16
SIS model, 3
small-world networks, 1, 2, 18

tree networks, 4, 22–24

uncorrelated configuration model , 13
uncorrelated networks, 10–12, 14, 18, 20, 21,

23, 24

29


