Reaction-diffusion processesin scale-free
networks
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Abstract In this chapter we provide a review of the main results rdgasiitained

in the modeling of binary fermionic reaction-diffusion pesses on scale-free net-
works. We show how to derive rate equations within the hgemeous mean-field
formalism, and how information can be obtained from thenhmlot finite networks
in the diffusion-limited regime and in the infinite networize lime. By means of
extensive numerical simulations, we check the mean fieldigtiens and explore
other aspects of the reaction-diffusion dynamics, sucheasity correlations and
the effects of the minimum degree or a tree-like topology.

1 Introduction

Complex networks theory has proved in recent years to be tagnegly useful tool
for the study and characterization of the structure andtianaf many complex
systems [1, 2, 3]. In fact, many natural and man-made sydtenesa heterogenous
pattern of connexions and interactions that can be progedgribed as a network
or graph [4]. The statistical analysis of their topologicajanization has shown that
most of them seem to share some typical features, the mesarglbeing the small-
world property [5] and a large heterogeneity in the numbetaftacts per vertex
(or degree), which lacks any typical degree-scale [6].
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The small-world property refers to the fact that the averdigeance(¢) between
any two vertices —measured as the smallest number of caongcbr edges) be-
tween them— is very small, scaling logarithmically or evéower with the net-
work sizeN. This is to be compared to the polynomial scaling(6f ~ N9 in
a d-dimensional lattice. Since the logarithm function gros\&r than any poly-
nomial, even ifd = o, small-world networks can be thought of as highly compact
objects of infinite dimensionality. As a consequence, th&rimproperties of this
class of systems are nearly absent, every vertex being Ipagthe same distance
to any other vertex of the network, and fluctuations asseditt “spatial” effects
can be neglected. This accounts for the accuracy of meahtfiebries applied to
the understanding of dynamical processes taking placeati-svorld networks [7].

On the other hand, real complex networks are not just smaidlds but also
scale-free (SF) networks. They are typically characterizg a degree distribution
P(k) —the probability that a randomly selected vertex has delgrebat decreases
as a power-law,

P(k) ~ k_yv 1)

wherey is a characteristic degree exponent, usually in the rangeg/Z 3. Within
this domain the topological fluctuations of the degree, att@rized by its second
moment(k?), diverge in the limit of large network sizes. It is the congtion of
the small-world and SF properties that makes complex n&sv@dically different
from more regular structures embedded in metric spaces.

Initially, the interest in networked systems was conceattan the description
and modeling of their structural properties [1, 2]. Moreamwity, research efforts
have placed the focus on the effects that these peculialomipal properties may
have on the behavior of dynamical systems running on top tiarés [7]. Be-
sides their obvious theoretical interest, these effontshzve practical implications
in real world systems, e.g., understanding traffic behamidechnological systems
such as the Internet [8] or epidemic spreading of sexuallysmitted diseases in hu-
man populations [9]. Interest in dynamics was triggeredngydbservation that the
heterogeneous connectivity pattern observed in SF nesawitk diverging degree
fluctuations can lead to very surprising outcomes, such a&x@meme weakness in
front of targeted attacks aimed at destroying the most ariedevertices [10, 11], or
the ease of propagation of infective agents [12, 13]. Thespsggties are due to the
critical interplay between topology and dynamics in hegereeous networks and
are absent in their homogeneous counterparts. After timitsa discoveries, a real
avalanche of new results have been put forward; for a sumofainem we refer the
reader to Ref. [7].

The importance of dynamical process on complex networkffigsthe pursuit
of common frameworks to describe and analyze them in a genara One of
them is the theory of reaction-diffusion (RD) processesat ttan be used to rep-
resent a wide spectrum of different dynamics. In very gdrterens, RD processes
are dynamic systems that involve particles of differentetsps” @&, i = 1,...n)
that diffuse stochastically and interact among them failhgna fixed set of reaction
rules. In this kind of processes, the interest is usually$ed on the time evolution
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and steady states of the densities of the different spggjés, and on the possible
presence of phase transitions between those states [15].

Epidemic models, such as the Susceptible-Infected-Stibte(5IS) [16], repre-
sent classical examples of RD dynamics. The SIS model, faite, corresponds
to a RD process with two species of particles (individuaidgctedl and suscepti-
ble S, that interact through the reactions [16, 17]

1)
S+1 -2 21,
. (2)

—- S

The first reaction in Eq. (2) corresponds to the infection stisceptible individual
by contact with an infected one, with a probability per urfitime (rate)d. The
second reaction stands for the spontaneous healing ofédf@wdividuals at rate:.
The behavior of this epidemic model is ruled by the ratie- 5/, the so-called
spreading rate. The main prediction of the model is the emcst of an epidemic
thresholdA, above which the dynamics reaches an endemic state, withzerm
density of infected individualg, [17]. Below the threshold, on the other hand, any
epidemics dies out in the long term, and the systems is disieas.

Much is known about the behavior of RD processes on regulaoclgeneous lat-
tices. In particular, theoretical formalisms have beemppsed that allow for general
descriptions of the process in terms of field theories [1820921] which are then
susceptible of analysis by means of the renormalizationgtechnique [22]. For
example, for the simplest RD process, the diffusion-atatiloin process [23]

A+A2 0 ©)

in regular lattices of Euclidean dimensidnit is well known that the local density
of A particles,p(x,t), is ruled by a Langevin equation [24],

Ip(x.t)

S0 =PPp(xt) —2Ap(x )+ n(xb), (4)

wheren (x,t) is a Gaussian white noise, with correlations
<r’ (X7t)’7 (X/at/)> =—2A p(x7t)25d (X - X/) 6(t - t/) . (5)

Dynamical renormalization group arguments show that trerame density oA
particles,p(t) = (p(x,t)), behaves in the large time limit as

1 1
Tt (6)
p(t) po
wherepy is the initial particle density, and the exponentakes the values =d/d.
ford <dc.anda = 1 ford > d¢, whered; = 2 is the critical dimension of the process.
Ford > d. one thus recovers the homogeneous mean-field solution
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p(t) ~t1 (7

obtained from Eqg. (4) by setting the diffusion coeffici®nand the noise term(x,t)
equal to zero.

When the substrate is not a regular lattice but a complex m&twith the proper-
ties described above, the powerful machinery of the renlizatgon group becomes
incapable of solving the problem. The reason is rooted irsthall-world property
and the lack of a metric structure that renders the very quraferenormalization
meaningless. We can then say that, in comparison, the sfutlg mterplay of RD
processes with the heterogeneous topology of a complexonets still in its in-
fancy.

RD processes in complex networks are usually defined witffigreionic” point
of view, in which each vertex can hold at most one particléuSion and dynamics
are thus coupled, in the sense that particles perform rarjdomps between adja-
cent vertices and react upon landing on an already occupieex This formalism
has been applied, both theoretically and numerically,éactse of binary diffusion-
annihilation processes with a single spedesA — 0 [25, 26] and with two species
A+B — 0 [25, 27]. From the study of those systems, it has beendrpassible
to shed some light on RD dynamics, which turns out to have axpected and
interesting behavior when the substrate network is SF witex@onent 2 y < 3.
The long term dynamics, for instance, is always faster tmalattices, with the
exponenta > 1. Besides, the dynamics evolves in a hierarchical fashidth, the
concentration of particles first decaying at low degreeeest then at higher degree
vertices and so on until the concentration of particles ewértices with the max-
imum degree starts decreasing. Another striking diffeeeae compared to lattices
is the absence of depletion zones in e A — 0 process and the lack of segre-
gation between species in thet- B — 0 one which, again, is a consequence of the
small-world property.

In this chapter we provide a review of the main results oletaim the mod-
eling of binary fermionic RD processes in SF networks. Weeharganized it as
follows: in section 2 we summarize the standard analytieahhique used to deal
with dynamical processes on complex networks, namely bgégreous mean-field
(MF) theory. Applied to the case of RD processes, we focus gereeral process
that encompasses bo#tt- A — 0 andA+ B — 0 as particular cases. We show the
general procedure to obtain a MF rate equation for the paudiensity, and how to
solve it both in finite networks (within the so-called diffos-limited regime) and
in the infinite network size limit, by means of a continuougm® approximation.
Section 3 is devoted to show the results than can be obtaijnedthns of numerical
Monte Carlo simulations. After checking the analyticaldicgions of MF theory,
we consider other aspects numerically observed in this &irsystems: the lack of
depletion and segregation effects, which can be relatedet@énsity correlations
of particles; the role of the degree in the annihilation dyiws; the effects of the
minimum degree of the network substrate; and the effectkbidconstraints, such
as the absence of loops (tree topologies). Finally, in seetiwe present an outlook
of the future venues of research in the field of RD processesrimplex networks.
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2 Analytical description of diffusion-annihilation processesin
complex networks

Let us consider the most general two species diffusionkalatipn process, given
by particles of two specie& andB, and that is defined by the reaction rules

A+ A — 0 with probability paa
A+ B — 0 with probability pap (8)
B+ B — 0 with probability ppp.

The processes take place on an arbitrary complex network@iNs each vertex
of which can host at most one particle. The dynamics of thegs® is defined
as follows: At rateA, an A particle chooses one of its nearest neighbor. If it is
empty, the particle fills it, leaving the first vertex emptiytHe nearest neighbor is
occupied by anotheA particle, the two particles annihilate with probabilipya,
leaving both vertices empty. If the nearest neighbor is pezliby aB particle,
both particles annihilate with probabilifyyy. If the annihilation events do not take
place, all particles remain in their original positions €ldame dynamics applies to
B particles if we replac@aa by ppp. We also assume that the diffusion ratés the
same for both types of particles. It is easy to see that, \mighformulation,paa =

Pob = Pab = 1 corresponds to tha+ A — @ process since, in this case, there is no
way to distinguish betweefsandB particles. On the contrary, settifpga = ppp =0
andpay = 1, one recovers tha+ B — 0 process.

2.1 Heterogeneous mean-field formalism

The inherent randomness in the topology of complex netwirces us to describe
them using a statistical framework. In this chapter, we wrghe simplest statis-
tical description of a network in terms of the propertiesiafje vertices (degrees)
and correlations between pairs of such vertices, the deecdégree-degree correla-
tions. Single vertex statistical properties are encodelerdegree distributioR(k)
and degree-degree correlations are described by the madiprobabilityP(K |k)
that a vertex of degreleis connected to a vertex of degrieg28]. We should note
that all the results presented here are correct for netwoikdmally random —in
the sense of maximizing the entropy of the network— undectmestraints of hav-
ing given functionsP(k) and P(kK'|k). Once this assumption is done, we can get
some analytical insights on the behavior of diffusion-ailation processes by ap-
plying the heterogeneous MF theory —a mean-field descrigiche dynamics that
discriminates between degree classes [26, 27].

To study analytically this process within this approxirati we are forced to
consider the partial densitigg\(t) andpf(’(t), representing the density éfandB
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particles in vertices of degrde or, in other words, the probabilities that a vertex of
degreek contains arA or B particle at time [12, 29]. From these partial densities,
the total densities oA andB patrticles are recovered from

p(t) = Zp(k)l)ﬁ‘(t) and  p°(t) = Zp(k)l)ﬁ’(t)' (9)

While it is possible to obtain rate equations for the dersitig(t) and p2(t) by
means of intuitive arguments [12, 30], in the following wélwursue a more micro-
scopical approach [26], which can be generalized to tadklercind of problems.

Let us consider the process defined in Eq. (8) on a netwolk wértices which
is fully defined by its adjacency matrix;, taking the valuesy; = 1 if verticesi
and j are connected by an edge and 0 otherwise.rfét) be a dichotomous ran-
dom variable taking value 1 whenever veries occupied by am particle and 0
otherwise. Analogously, Ie‘l?(t) be a dichotomous random variable taking value 1
whenever vertex is occupied by @ particle and 0 otherwise. Notice that with the
previous definition, the random variable-In?(t) — nP(t) takes the value 1 when
vertexi is empty and is zero in any other situation, so that it defitesdom-
plementary event of being occupied by Aror B particle. This property assures
the correct fermionic description of the dynamics. Theestdtthe system at time
t is completely defined by the state vecto¥t) = {nf(t),n3(t),---,n{(t)} and
nP(t) = {nd(t),n3(t),---,n¥(t)}, denoted for simplicityn(t) = (n(t),n°(t)). As-
suming that diffusion and annihilation events of the p#&tdollow independent
Poisson processes [14], the evolutionndf) after a time incremendt can be ex-
pressed as

n?(t+dt) = n(t)n (dt) + [1—n?(t) — nP(t)]€ (d), (10)

with an analogous equation for the occupancﬁqﬁrticles,nib. Notice that the two
terms in the r. h. s. of Eq. (10) cannot be different from zénoutaneously since
they represent events that exclude each other —eithexvdrtdds anA particle (the
first term) or it does not (the second one). In this way, théuian at timet + dt is
tied to the state of the system at the previous time

The variables (dt) and &(dt) in Eqg. (10) are dichotomous random variables
taking values

ST — a — b
0 with prob. Adt 1_za., (A~ Paa)ry (t::(l Pab); (t)]
J
n(dt) = aij [Paan?(t) + papn®(t)] | , (11)

+z K

J

1 otherwise

and
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aijnf(t)
K;

1 with prob.A dtz
]

&(dt) = : (12)

0 otherwise

whereA is the jumping rate that, without loss of generality, we spia to 1. The

first term in Eq. (10) stands for an event in which verteis occupied by am
particle and, during the time intervgil t 4 dt), it becomes empty either because the
particle in it decides to move to another empty vertex or beeat annihilates with
one of its nearbyA or B particles. The second term corresponds to the case in which
vertexi is empty and ai particle in a neighboring vertex ofdecides to move to
that vertex. Taking the average of Eq. (10), we obtain

(n?(t+dt)[n(t)) = nf(t)

i} [(1— paa)nf(t)N?(t) + (1 pap)n?(t)n?(t)]

ki
J
13)
o AP  ParPOrb0)]
+ nd(t) + 2 K t
+ - )y Vg

-k
equation that describes the average evolution of the systenditioned to the
knowledge of its state at the previous time step. Then, afitdtiplying Eq. (13)
by the probability to find the system at statat timet, and summing for all possi-
ble configurations, we are led to

W§U:Hﬁﬂ0+§aﬂu—ma@%1+u—mwﬁﬁm
aa, ab a aa ba (14)
_Z%mmm%fmmmm+z%mm—%f%mﬁ»
where we have introduced the notation
pit) = (1) . P’ = (M(L), (15)
PRt = (M(t)nf(t)) and pF°(t) = (nf(H)n(1)). (16)

Notice thatpd®(t) # pf(t).

1 Notice that the random variablegdt) andé& (dt) are not independent, since both involve some
common random movements. This fact, however, does not affect the-fiedd analysis, which do
not involve cross correlations between them.
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The derivation presented so far is exact, but difficult tol dath. However, it
is possible to obtain useful information if we restrict ouradysis to the class of
random networks with given degree distribution and degiegree correlations but
maximally random at all other respects. For this class ofvagts, vertices of the
same degree can be considered as statistically equivatemathematical terms,
this means that [30]

P(t) = pR(t)  Vie V(K), (17)
PPty =p(t)  Vie 7 (k) (18)
PR = pgR(t)  VieV(K), je v (K) (19)
PP = PR VieV(K), jeV(K), (20)

where ¥ (k) is the set of vertices of degrde Besides, the small world property
present in this class of networks makes them objects of taftimensionality, well
described by a MF theory. In such situation, correlatiortsvben elements can be
neglected and, consequently, we can approximate two poinglations functions
as pr (t) ~ pk(t)pe (t). Using these ideas in Eq. (14) we can write the following
closed equation for the degree-dependent densities

R = — A8 + A0 POK) (1 Pala0)-+ (1 puo(
- RO 3 T [puab ) Pt (21)

+(1-p2() —pE(t>>ZkP(||<(fl|k) PR (),
3

where we have made use of the identity [30]

- aij = kP(K|K). (22)
NP(k) ie;ao ieVz(k’) ]

The equation for the density & particles can be obtained from Eq. (21) by swap-
ping indicesa andb.

Eqg. (21) can be further simplified if we assume tAandB particles react among
them with the same probability, that isaa = ppb. In this case (and assuming also
the same concentration AfandB particles at = 0), the total density of particles in
vertices of degrek, py(t) = pa(t) + pP(t), can be written as

B = A+ (L Had) 3 PRIKP)
+ -+ wa)y T o, (23)

K

while the total density(t) = 5 P(K)p«(t) fulfills the differential equation
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P _ o S PRADO), (24)

where we have used the degree detailed balance conditipn [28
kP(K)P(K'|k) = KP(K)P(KK). (25)
In EQ. (24) we have defined
Ox(t) = gp(k/“()f)k’ (t) (26)

as the probability that a randomly chosen edge in a vertexegfetk points to
a vertex occupied by aA or B particle, while the parameter € [0,1] is defined
as U = (Paa+ Pab)/2. In this way, by settingt = 1/2 we recover the equation
describing theA+ B — 0 process [27], wheregs= 1 describes th&+ A — 0 one
[26]. It is interesting that, in this case, the model is digsad by a single parameter
U, even if, originally, there were two of themaa andpap. This implies that there is
a whole set of different models which are governed by the shmamical equation.

2.2 Finite networks: Diffusion-limited regime

In the case of networks with a general pattern of degree letiges, the solution
of Eq. (23) depends on the nature of the conditional protgii#ik'|k) and can be
a rather demanding task [31]. General statements on thledaity of particles
can be made, however, in the limit of very long time and verglsparticle density,
when the concentration of particles is so low that the RD @seds driven essentially
by diffusion. In this diffusion-limited regime, it is posde to estimate the behavior
of p(t), which turns out to be independent of the correlation patiéthe network.

If we consider Eq. (23) in the limipx — O (i.e. at large times), linear terms
dominate, and we can consider the simplified linear equation

P = a0+ 3 A ety @)

that is, the density behaves as in a pure diffusion problema. time scale for the
diffusion of the particles is much smaller than the time edal two consecutive
reaction events. Therefore, the partial density can redathé stationary state of
Eqg. (27) and is well approximated by a pure diffusion of et [32, 33]

Px(t) =~ @p(t)’ (28)

proportional to the degreleand the total instantaneous concentration of particles,
and independent of degree correlations. Inserting thisiegtatic approximation
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back into the general Eq. (24), we obtain for long times arnitefsize networks the
equation
~ —2up(t? ) 29)
a (k)2’
where(k?) = 5 k?P(K) is the second moment of the degree distribution. The solu-
tion of this equation is ,
1 1 (k)
b0 m %0
that is, linear int with a prefactor depending on the fluctuations of the dedfee.
homogeneous networks with a bounded degree distributiéh,is finite, and so
is the density prefactor. In SF networks, the prefactor ddpeon the cutoff —or
maximum degree in the network(N) [34], with

ke(N)3~Y fory < 3
(k) ~ { Inke(N) fory=3" 1)

which is an increasing function of the network sideThe specific functional form
of ke on N depends, in general, on the particular model under corstidar For
uncorrelated SF networks, such as those created with tleeretetted configuration
model (UCM) [35], we havé(N) ~ N¥/2, the so-called structural cutoff [36]. For
correlated networks created with the configuration mod&){37], we have in-
stead a naturakutoff ks(N) ~ NY/(¥=1) [34]. Therefore, the behavior of the particle
density in the diffusion-limited regime can be summarized a

NEY/2  UCM,y<3

1 NCV/r-Dt cM, y < 3
p(®) ") InNt y=3 (32)
t y>3

This result implies that, for the CM model, the diffusiomlted regime is reached
at lower particle concentrations as compared to the UCMs Tésult has been ob-
served in numerical simulations in Ref. [38].

2.3 Infinite networks: Continuous degree approximation

As we have mentioned before, the solution of the general 8§3.and (24) can be
very difficult to obtain in networks with general correlatsP(k'[k). A completely
analytical solution in the limit of infinite size networksrgeghowever, be obtained

2 The name “structural cutoff” refers to the fact that it is the imaxm degree allowing us to built
uncorrelated networks. Beyond this limit, structural degreetations appear as a consequence
of the closure of the network. Instead, “natural cutoff” refén the expected maximum degree
when we generatd independent random trials from the degree distribuB@k) without actually
closing the network.
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in the case of uncorrelated networks, in which the conditiganobability takes the
simple formP(K' |k) = k'P(k") / (k) [30]. For this class of networks, the rate equation

IS
d"gf‘) = —pt) + (- O t) +[1- <1+u)pk<t>}<t>p<t>7 (33)
and
PO _ aupmor). (34)

where we have defined

o) - 55 S PO (35)

In order to solve Eq. (33), we performauasi-staticapproximation. From the
homogeneous MF solution of the+ A — 0 andA+ B — 0 processes, we expect
p(t) to be a decreasing function with a power-law-like behaviorthis case, for
large enough times, the time derivativeggt) will be much smaller that the density
proper, that isgip(t) < p(t). Extending this argument to the partial densipgg),
at long times we can neglect the left-hand-side term in E8), @d solve fopy(t)
as a function of the density, obtaining

ko(t)
(k)
px(t) = (36)
1+ () B - - wew
Substituting this approximation into the expression@t), we get
1 P(KK2p(t)

o) = : (37)

W2 (1~ O] 4 11 it ol

Solving this self-consistent equation, we can f@@) as a function ofp(t), and
then proceed to solve Eq. (34). For heterogenous netwotksandiverging second
moment, as in the case of SF networks, we have to considdultaithe solution
of Eq. (37). If we consider a continuous degree approximatiocorrelated SF net-
works in the infinite size limit are completely determinedtbg normalized degree
distribution

P(k) = (y—1m" (38)

wherem is the minimum degree in the network, and we are approximgatias a
continuous variable. The average degree is thus- m(y—1)/(y— 2). Within this
approximation, Eq. (37) can be written as

(y—1m¥1p(t)

0 k27y
dk (39)
<k>2[1* (1-w)o(t)] /m 1+ ﬁkfig)

o) =




12 M. Catanzaro, M. Bogta, and R. Pastor-Satorras

(W[1— (1 wo()
{1+ p)p()

_ 1 [1,y— 2,y—1,— (40)

1+p
whereF[a, b, c, 7 is the Gauss hypergeometric function [39]. Assuming k®th)
andp(t) small (i.e. for sufficiently long times), we can use the astatip expansion
of the Gauss hypergeometric function

2% y<3
Fll,y—2,y—1,-1/7 ~ (¢ —zInzy=3, forz— 0, (41)
z y>3

to obtain and explicit expression 6f(t) as a function op(t). Inserting it into the
rate equation fop(t) and integrating, we obtain the explicit solutions in thegon
time limit for infinite size uncorrelated SF networks

{t1/<v—2) y<3

o) tint  y=3. (42)

t y>3

That is, apart from irrelevant prefactors, the leading tofuis independent oft,
and therefore the same for both+ A — 0 andA+ B — 0 processes [26, 27].

The analytical exponents derived above are exact for iefgite networks. How-
ever, they may be difficult to observe in real computer sittites performed on
networks of finite size. We can see this fact from the quagiestpproximation
Eqg. (36), in which, for the sake of simplicity, we will focus the caseu =1
(A+A — 0 process). Indeed, for a power-law degree distributiom Jdrgest weight
in the sum in Eq. (37) is carried by the larggalues. If the network is composed of
a finite number of verticedy, as it always happens in numerical simulations, it has
a cutoff or maximum degrele:(N), Thus, there exists a cross-over titpedefined

by
2ks(N)p(tc)
(k)

such that, fot > t. the particle density is so small that we can approximate

) = 710 (44)
which corresponds to the diffusion-limited regime dis@asi Section 2.2. There-
fore, fort > t¢, we should expect to observe a linear behavior go(), instead of
the power-law predicted in infinite networks for the contine degree approxima-
tion, while the region for the asymptotic infinite size beloashould be observed
fort <tc. From Egs. (43) and (42) we can predict

~1 (43)

te(N) ~ ke(N)Y~2 ~ NV-2)/2 (45)

for uncorrelated networks. This is an increasing functibiNdor y < 3 and so one
should expect that the region in which the infinite size bérag observed must



Reaction-diffusion processes in scale-free networks 13

be increasing wittN. However, the width of this region must be properly compared
with the total surviving time of the process in a finite netlwgkssuming that at long
times the process is dominated by the diffusion-limitedmeg Eq. (32), we can
estimate the total duration of the process as the tina which only two particles
remain, that is,

2
p(tq) ~ N (46)
From this definition, we can estimate
tg(N) ~ NO-/2, (47)

The ratio of the crossover time to the total duration of thecpss is thus

(N) 172
~NY2,
ta(N)

that is, a decreasing function Nt Therefore, the RD dynamics is dominated by its
diffusion-limited regime. Consequently, even for veryglasystems, the asymptotic
infinite size behavior will be very difficult to observe whasethe diffusion-limited
regime will span almost all the observation time.

(48)

3 Numerical ssmulations

The general process described by the reactions (8) can by iegslemented in
numerical simulations using a sequential updating algoritl5]. An initial fraction
po < 1 of vertices in the networks are chosen and randomly ocdupjea poN /2
particles of specied andpoN/2 particles of specieB. At timet in the simulation,
a vertex is randomly chosen among th¢) = na(t) + ng(t) vertices that host an
A or B particle at that time. One of its neighbors is selected atsardom. If it
is empty, the particle moves and occupies it. If it contaipsadicle, both particles
react according to the rules in Eq. (8) and the particle nustygt) andng(t) are
updated according to the result of the reaction step. In asg,dime is updated as
t—t+1/n(t).

RD simulations are run on SF networks generated using thertetated config-
uration model (UCM) [35], which is defined as follows. 1) Wesfiassign to each
vertexi —in a set oiN initially disconnected vertices— a degieextracted from the
probability distributiorP(k) ~ k=Y, and subject to the constraimts< k; < N*/2 and
Yiki even. 2) We then construct the network by randomly conngdtie vertices
with Siki/2 edges, respecting the preassigned degrees and avoiditiglenand
self-connections. Using this algorithm, it is possible teate SF networks whose
cutoff scales a&:(N) ~ N1/2 for any degree exponent, and which are completely
uncorrelated. If instead of bounding the maximum degrel By, we leave degrees
unbounded (i.em < k; < N, like in the configuration model [40, 41, 42, 43]) and
proceed to assemble the network from step 2), avoiding tegion of multiple con-
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Fig. 1 Inverse average parti- 10°
cle densityp(t) as a function
of time for theA+A — 0 pro-
cess in uncorrelated SF net-
works with different degree
exponents and sizd = 10°.
The dashed line corresponds
to the finite size behavior

1/p(t) ~t.

-
O
T

1p(t) - 1o,

=
Q,
T

nections and self-loops, the presence of very high degmtiee® fory < 3 leads to
a cutoff scaling ag.(N) ~ N¥/(¥~2) and to the emergence of unavoidable structural
degree-degree correlations [44, 45, 36].

From the theoretical formalism developed in Section 2, &dsy to see that the
second term in the right hand side of Eq. (23) describesdldfuevents that cannot
take place because neighboring vertices are already amtupvhenpa, and pap
are smaller than 1. Therefore, it describes a jamming effett will be relevant
when the concentration of particles is large, that is, attdfroes. However, for suf-
ficiently long times and low concentration of particlesstf@mming effect becomes
weak and this term can be neglected [27]. In this situatioa,dynamics becomes
equivalent to thé\+ A — 0 one. For this reason, in this section we will mainly focus
in the numerical results obtained for this particular case.

3.1 Density decay in uncorrelated networks

The main prediction of Section 2 is that the total density aftigles should de-
cay with time in uncorrelated networks of infinite size asdiceed by Eq. (42) and
as given by Eg. (32) in uncorrelated finite size networks i diffusion-limited
regime. In Fig. 1, we represent the inverse particle derfigity computer simula-
tions in networks with different degree expongnih UCM networks. At the initial
time regime, the growth of this function is faster for smallalues of the exponent
y, in agreement with the theoretical prediction Eq. (42). éider times, on the
other hand, finite size effects take over and one observdm#a regime described
by Eq. (32).

The size dependence of the slope of the linear behavior idithesion-limited
regime can also be checked using numerical simulationsglr2i-one can see that,
for a fixed degree exponept= 2.5, the curves for increasing valuesNfshow an
increase of the slope in the final linear region. Linear fitsh final part of each
curve give an estimation of the increase of the slope as diéumaf N. We show this
slope in the inset of Fig. 2, in very good agreement with tlethtical prediction
Eq. (32).
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Fig. 2 Inverse average parti- T e B
cle _densityp(t) as a function ok [FN1d 3
of time for theA+A — 0 — N=10°
process in uncorrelated net- 1°F | N=10i E
works with degree exponent o — N=10
. — 10'F |— N=10 30
y = 2.5 for different network R i
sizes. Inset: slope in the linear g0 g of
regime as a function o, g a3 F
according to the prediction in sE ]
il I R R B
Eq (32) 10' 10 20N310,4 40 50 603
0 /| aul /| /| i /|

As we have discussed in section 2.3, even for the large nktsines consid-
ered in our simulations, the diffusion-limited regime takaver so quickly that
it is very difficult to perform a direct quantitative check thfe predicted infinite
size limit regime. Using the simulation results presentefig. 2, we can give a
rough estimate of the size of the network needed to recoeepitbdicted behavior
p(t) ~t=Y(r-2 We perform fits of the fornp(t) ~ t~9 in the time window from
t ~ 10 to just before the diffusion limited regime for the di#fet network sizes
considered. Figure 3 shows the dependence odn the size of the network. The
growth of a. is extremely slow and can be well fitted by a logarithmic fimat
Using this fitting, we can extrapolate at which size the olbegrexponent would
attain its theoretical value = 1/(y— 2). Fory = 2.5, this method gives as a lower
boundN ~ 6 x 10° far beyond the computing capabilities of modern computers.

3.2 Depletion, segregation, and dynamical correlations

One of the most relevant differences between diffusiorikalation processes on SF
networks as compared to regular lattices or homogeneowsriet is that in the first
case the dynamics is remarkably faster, with the partictesithe decaying in time
as a power law with an exponent larger than 1. This fact cpomeds to the absence
of two mechanisms that are spontaneously generated icdattind have a slowing

Fig. 3 Local exponent_ as
a function of the network size, 1.60
obtained by fitting a power

law function in the time

domain before the diffusion- a
limited regime. Data form

Fig. 2. 1.20)

L |— a,=0.63+0.06 In(N)




16 M. Catanzaro, M. Bogta, and R. Pastor-Satorras

effect on dynamics: namelgepletion[46, 47] andsegregatior[48]. The first one
appears i+ A — 0 processes: a depletion zone of empty sites is generaiaddr
any occupied site. The second takes placé in B — 0 processes: a particle is
typically surrounded by particles of the same type, geiregan overall segregation
between the two species. Since particles have to get in cootamix in order to
react, this phenomena result in a slowing down of the dynaneitaracterized by a
power-law decrease of the density with an exponent smaléar 1 (see Eq. (6)).

A measure to detect this phenomenon in complex networks mtesdiiced in
[25, 49]. In the case of thé&+ A — 0 process, it was proposed to measure the
quantity
_ Naa®
n(t)[n(t) — 1]
that is, the numbeNaa(t) of close contacts between particles (a close contact is
defined by the existence of a link between two occupied \esjjadivided by the
upper bound of the number of possible contacts betweerirexigarticles. A high
Qna(t) score (close to 1) corresponds to a case when nearly altlesrform one
cluster, while a decrease of this value suggests that [etace placed apart from
each other. With the same line of reasoning, for ## B — 0 process one can
measure [25, 50]

Qaa(t) = (49)

NAB(t)
Qna(t) Naa(t) + Nes(t)
that is, the number of close contacts between unlike pasticbmpared to the num-
ber of close contacts between particles of the same typegA®jg(t) score cor-
responds to the case when particles of different type arednixhile a decrease of
this value suggests that particles are segregated in haraoge groups.

These measures, however, present some inconvenients. finsttone, Eq. (49),
the denominator does not take into account the specificagyalf the network, and
compares the number of contacts with the upper bound of theauof possible
contacts (i.e. the number of possible contacts if all ocetigites were connected
to each other). A proper measure should take into accoumetti@ossible contacts
between particles, which is determined by the special tapobf the subgraphs
formed by the occupied sites. In the second case, Eq. ((0)tmber of connexions
Nag is not clearly related t®aa + Ngg, yielding a quantity that could occasionally
diverge.

An alternative measure to quantify depletion and segregégtithe explicit calcu-
lation of the density correlations proposed in Ref. [27} weconsider for simplicity
the A+ A — 0 process. One can define a particle correlation functiomégsuring
at a certain time the average density of particles in the nearest neighboes of
occupied vertex,

(50)

plt) = o5 <Zni 0y Pt > 7 (51

J

where the brackets denote a dynamical averagengiyis the occupation number
of vertexi at timet. Comparing this quantity with the overall densjiyt), we can
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Fig. 4 Normalized density
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define the normalized correlation function:

~ Pmn(t)

Wheny (t) is smaller than one, the density in the surroundings of anpied site is
smaller than the average density, which implies the presehdepletion, segrega-
tion or density anticorrelations. In the opposite case,;whg) is larger than one, in
the neighborhood of an occupied site the particle densigrgger that the average,
signaling accumulation, mixing of particles or positivendity correlations. The
casex (t) = 1 identifies lack of density correlations, in which partichre homoge-
neously distributed across the network substrate. Figsteodvs simulation results
of the normalized correlation functions for tAe- A — 0 process in UCM networks.
We can see that functiog(t) is larger than 1 foly < 3, signaling the presence of
positive correlations, or, correspondingly, the absericepletion zones, being the
surviving particles at any given time accumulated in clps®innected clusters, a
fact that accelerates the annihilation dynamics with resfee Euclidean lattices,
in which segregation occurs. The absence of depletion i€ marked for smaller
values ofy, and only present at small time scales for valueg of3.

Correlation measures can be resolved in degree, in ordégltbigformation on
the effects of the topological structure of the network, éstricting the summation
in Eg. (51) to the degree claks

pnn<t;k>=m<l(t)<_ 5 )ni<t>§a*'"”k‘“’>, 9

ie” (k

and from which a normalized degree resolved correlatiotfan can be defined,
namely
. pnn(t; k)
X (k) o (54)
Figure 5 shows simulation results for this quantity for e A — 0 process. We
can see here that the connected clusters of particles eaden Fig. 4 correspond
to the neighborhoods of the vertices with largest degregwdhow a largest value

of x(t;K).
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3

Fig. 5 Normalized density T T |
correlations for thé\+A — 0 F - TTTTTTT a
process as a function of time . :‘._-p.;i_:.,:;_
resolved in degree for differ- T iin Jeeeveccccrcscsc,, ]
ent time snapshots. Dynamics és.s— L J
run on uncorrelated SF net- =< .’

works of degree exponent e ® =50
y=25and sizeN = 10°. The 25 * 200
dashed line marks the MF pre-

diction for lack of dynamical 25 7 17 "
correlations, Eq. (57). k

The increasing values of the functigq{t) as the degree exponeptdecreases
can be understood within the MF formalism. The MF approxiomaassumes lack
of dynamical correlations between the concentration oftnegertices. Under this
approach, the density product inside the brackets can ksitutbd by the product
of densities, yielding

N p— oy A ni®)
Pn(tiK) = ~Q) M(k)m. (t))Z > (55)
= me /(T ﬂ — P K K) ou/ 56
ni(t gpk()ie;k)je"ﬂ(k’) k g (Kliope: (56)

where we have used the identity Eq. (22). For uncorrelateslarks withP(K'|k) =
k'P(K')/(k) and assuming that the dynamics at large times is in its agtiopt
diffusion-limited regime (in finite networkg)x ~ kp/(k), Eq. (36), the degree re-
solved correlation function in absence of dynamical catrehs takes the form

04 o_ (K
X0tk = X° = s (57)
independent of time and degree, and being only a functidmeodégree fluctuations,
which increases agdecreases, in agreement with numerical simulations. Hexvev
the degree resolved correlation function shown in Fig. 5at dhly for degrees
larger than 10, whereas it decreases as the degree decrBasikes, the whole
curve is slightly smaller than the MF prediction (dashee lin Fig. 5). This is a
direct consequence of fact that, even if the network is smaild, there are some
dynamical correlations that try to place particles apart.

Density correlations can be extended to the case oAthd8 — 0 process, —or
to the more general process defined in Eq. (8)— in order toustdor the lack of
particle segregation [27, 25] in this RD systems. In thisecasupled correlation
functions must be defined, starting from the quarwi?},‘f3 (t;k), defined as the av-
erage density of particles of tygat the nearest neighbors of vertices of dedeee
filled with a particles @, 3 = A, B), namely,
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B
1 aijn (t)
PR (k) = s < nf(t) , (58)
=\ 2,2 Tk
the associated normalized density correlation functiangbgiven by
aBi.
pnn (t;K)
Xt k) = 0 (59)
W= "orm)

3.3 Degree effects on annihilation

The evolution of the dynamics in SF networks is better urtdesby analyzing its
resolution in degree. Indeed, the density of particles gtteme t depends on the
degree of the vertex. At the MF level, the expression of thesife of particles at
vertices of degre&, Eq. (36), for theA+ A — 0 process [ = 1) takes the form,
within the quasi-static approximation,

~ kp(t)/(K)
A = T3 0/

which implies that high degree vertices host a constantijewhile low degree
vertices host a density of particles proportional to theigreée [26]. In particular,
at any given time the partial density of vertices with degree larger thiky2p(t)

is constant and equal tg’2 up to timet. As the dynamics evolves, the fraction of
degrees associated to a constant density shrinks and nebrea® vertices acquire
a density proportional to their degree. For latg@o vertex is left in the network
with degree larger thatk) /2p(t). Therefore, when the density of particles satisfies
p(t) << (k)/2k: (beingk. the maximum degree of the network), theg(t) ~ k

in all degree range. Simulations confirm this picture, a®tga by the plots of
the particle density at vertices of degietor snapshots of the dynamics at various
times, Fig.6(top). We can further check the validity of E8D) by noticing that, if it

(60)

Fig. 6 Degree dependence of 10° . TeestesevesTiTE
A+ A — 0 dynamics on un- 10'F .....,...-- .__.--:" 4113
correlated SF networks with = 10°F - ; 11133— LS 1
degree exponent= 3 and et S XXXXXL}««**“ 1
sizeN = 10°. Top: Particle 10'f £ 13iaee 1
density at vertices of degree 10—l
k at different time snapshots. W
Bott_om: datg_collapse qf the —10F “‘%:1— 3
partial densities according ~ sse® T
: X 10°F Y g ® =10 |4

to Eq. (61). The dashed line o pnas®® S D500 |

. 10'F ant A t=1000/F
represents a linear trend. o 00t . . <2000
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holds, then the function

_ ket
S0 = 500 20q0] o

should satisfyG(k,t) = k, independently of. This is confirmed in Fig. 6(bottom),
where we find a perfect collapse for widely separated timesmats.

To understand this behavior, one has to consider that highedevertices are
likely to have some of their numerous nearest neighborspedby particles, given
the correlated nature of the process (see section 4). Tintiss high density regime,
high degree vertices are always surrounded by a large nuofiltoecupied nearest
neighbors. Eventually, one of these nearby particles \ifilise into a hub, anni-
hilating the particle in it, if there was one, or filling thethuf it was empty. This
implies that during this phase of the dynamics, hubs spetidhtheir time occu-
pied and the other half empty, explaining why, on averagectncentration is /2.
In other words, hubs act as drains through which particlegstawvhile their density
is steadily maintained constant by a continuous replacfntearby particles [26].
The absence of such replacing mechanism implies the decoédise partial den-
sity of low degree vertices. However, as the global denséigrelase, the replacing
mechanism gets more and more restricted to a shrinkingdraof very high degree
vertices. In the end, the mechanism disappears and the axctlyr fdetermining the
density becomes the probability of being visited by a difigsparticle. Thus, the
density gets proportional to the degreg(t) ~ kp(t)/(k), similarly to what happens
in a pure random walk [32].

This picture is further confirmed by the analysis of the aitaiion rates at ver-
tices of different degrees [51]. Let (k) be the probability that an annihilation event
takes place in a single vertex of degikeguring the intervat andt + dt. At the MF
level, this rate corresponds to the annihilation term in(28)

kP(K'|K)

K) = 2p(t (1), 62

(k) =20d0) 5 == Pt (62)
that, in the uncorrelated case, reads

m(l) = 220, (63)

Therefore, the probability per unit of time of an annihitetievent in any vertex in-
creases with the probability that it is occupied and withrihenber of links pointing

to it. As a consequence, for large degrees and moderate Songsthapy(t) ~ 1/2,

we havem (k) ~ k, while for small degrees, for whigh(t) ~ k, we expect the be-
haviorm (k) ~ k2. This picture in confirmed by the numerical simulations mégo

in Fig. 7 for different snapshots of the dynamics. To computék) numerically,
we first compute the quantityk (k), defined as the annihilation rate for the class of
degreek. This new quantity is computed as the ratio between the nuofannihi-
lation events happening at vertices of dedgtemd the total number of annihilation
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Fig. 7 Probability per unit of
time that an annihilation event
takes place in a vertex of de-
greek, m(Kk), at different time
snapshots, for thA+A — 0
dynamics on uncorrelated SF
networks with degree expo-
nenty = 3 and size\ = 10°.

events during the intervdt, t + dt], for 8t small. Finally, the annihilation rate at sin-
gle vertices is computed as (k) = M; (k) /(StNP(k)). We consider the time interval
ot =10.

3.4 Effects of the minimum degree of the network

The MF predictions presented in Section 2 refer to gener@uplated SF net-
works. In all these results, the role of the minimum degrethefetworkm, turns
out to be irrelevant. It has been claimed, however, that ehjogperformed in net-
works withm = 1 deviate from the theoretically predicted behavior, whghnly
recovered fom > 1 [38]. In Ref. [38] this deviation is attributed to some peoly
of the topology related to the presence of dead ends in theoriet

However, the observed deviations can be simply understpadhsidering that
the dynamics is performed in this case on an effective tgpoleith anomalies in
the degree distribution and correlation spectrum. Indéélimpossible to generate
SF networks both uncorrelated and globally connected wieminimum degree is
m=1[35, 52]. In this case, a SF network always breaks up intb af siisconnected
components —unless we introduce some correlations in twdemid it. Therefore,
the dynamics must be performed on the giant connected coenpd@CC) [34] of
the resulting network, which has a topological structuia tieviates from that of
the total graph. Fig. 8 shows this effect. The degree didioh for low degrees of
the GCC does not match the one for the whole network, FigpB(Besides, degree-
degree correlations emerge in the GCC at the same rangereedegig. 8(bottom),
detected in this case by the average degree of the neargbbpoes of vertices of
degreek, knn(k) [28]. The consequence of this change in the topology of thplyis
a slowing down of the initial part of the dynamics. This carsben in Fig. 9, where
we plot the inverse of the particle density as a function wietifor SF networks
generated with the UCM algorithm with= 1 andm= 2.

A deeper insight is gained by looking at the degree resaiutibthe density,
Fig. 9(inset). While in a connectedh(> 1) network, low degree vertices immedi-
ately acquire a density proportional to their degree (see $8), this process is
much slower on the GCC of a network with= 1, where low degrees exhibit de-
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Fig. 8 Degree distribution 10% T T
(top) and correlations (bot-
tom) for a UCM networks
with y=27, m= 1, and
sizeN = 10° The difference 16°
between the topology of the

whole network and the GCC T
affects low degree vertices, - &2 Whole networl
where the GCC distribution < 10F E

deviates from the theoretical IVaN S~ = e
one and correlations appear.

10° 10" 10°

viations from the expected degree distribution and cadticela. Nevertheless, the
global dynamics is dominated in the long term by high degexéices, whose de-
gree distribution and correlations are coherent with theeeted ones. This explains
why the density displays for long times the expected lineand. Moreover, one
can see that, after a transient period, the degree resobttithe density behaves as
predicted by the MF theory.

3.5 Effects of a tree topology

Substantial deviations from the theoretically predictexhds in RD processes are
observed when the dynamics is performed on networks mith1 and absence of
loops, i.e. on trees [53], deviations that also show up ieiotlynamical systems [54,
55]. In this case, the process experiences a slowing-dowmawer reaches the
asymptotic linear trend that dominates the dynamics inddapetworks.

While the UCM model generates looped networks with arbitdegree distribu-
tions®, in the case of loopless networks we have only available tralasi-Albert

Fig. 9 Density of surviving
particles in SF networks with
y=25,N = 10°, generated
with the UCM algorithm for
m= 1 (restricted to the GCC)
andm = 2. Inset: degree
resolution of the density at
timest = 10,100 and 1000
(from up to down).

1/p(t)-1/p(0)

3 The length of these loops is, however, of the ordeNog
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Fig. 10 Density of surviving 0 T T T T T
particles in a tree structured :
and looped network: BA
networks with sizeN = 10°

and minimum degres=1,2.
The dashed line represents the
linear trend. Inset: plot the
same quantity divided bty

Lp(®)-1/p(0)

model (BA) [6] with m= 1 andy = 3* Thus, we restrict our comparison to this
value of the degree exponent. In Fig. 10, we compare restittsimerical simu-
lations of the diffusion annihilation process on uncoreiaSF networks with and
without loops. The Figure shows that the dynamics on treggsiematically slowed
down and never reaches a linear trend. A direct fit of the pdaersiope at long
times yields the exponeit;y ~ 0.9. The effective exponent smaller than 1 is further
stressed in the inset of Fig. 10, where we plot the inverssitjedivided byt. This
slowing down is a general feature of dynamical systems waiffasive component,
which can be related with the observed slowing down of sindiffesion (random
walks) in tree networks [53, 58].

Interestingly, the degree dependence of the annihilatiffusibn dynamics on
trees is different from the looped networks case, as it wasrioticed in Ref. [53].
In Fig. 11(top) one can see that the partial density in thesmaver reaches a linear
trend and rather displays a sub-linear increase. Thisteesubh kind ofdepletion
of the trees’ hubs, that impedes them to ever gain a densifyoptional to their
degrees. The effects of high degree depletion are reflesteekin the probability
m (k) of an annihilation event in a vertex of degrkeThe asymptotic quadratic
trend observed in looped networks is never reached in tFégs]1(bottom).

Fig. 11 Degree dependence 10°F T
of A+ A — 0 dynamics on 10,1; o so00ec’
uncorrelated SF trees with = £ L
degree exponent= 3 and a0 " xy:u‘
sizeN = 10°. Top: Particle w0y 4

density at vertices of degree 10* .
k at different time snapshots. oF

Bottom: Probability that an or

annihilation event takes place g wh

in a vertex of degred at € 10'F

different time snapshots. 10

H
oct
.
=N
-
3
-
Om

4 Notice that the linear preferential attachment model [56]gramerate tree networks with arbitrary
y, but intrinsically correlated except for= 3 [57].
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Fig. 12 Surviving occupation 10° T T
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An insight in the origin of this depletion is gained by measgrthe occupation
probability of a single site of degrde We further restrict this measure by consider-
ing the surviving occupation probability of vertices of degk at timet

R

st (k) k)

(64)
where R3(k) is the occupation probability of degree cldsat timet, computed
including not all particles present at atiy t, but only those that will survive until
t, that is, that have performed a random walk of lertgtfithout ever encountering
other particles. The results for this quantity as measuyesirbulations are reported
in Fig. 12 for trees and looped uncorrelated networks with 3. For any timet
the ensemble of surviving particles is composed by thogehtinae performed only
diffusive steps untit, without experiencing any annihilation. However, the onte
of the simulations suggest that their random walk is biaketked 5 (k) is strongly
sublinear at high degrees, suggesting that the survivingomm walks are those that
have “avoided” high degree vertices. This is reasonabheeshigh degree vertices
are those that host the higher density of particles and fibrerdalling on a high
degree vertex almost surely implies for a walker to anntéila

In reaction diffusion dynamics on looped networks this lpasgressively dis-
appear when the global density decreases, so that thelgaigrviving for large
times end up exploring the network as pure random walkersth@rcontrary, the
bias is always present in tree structured networks.

4 Qutlook

In this chapter we have reviewed the main results reportedefaction-diffusion

processes on complex networks. As we have seen, many negcterpand interest-
ing effects arise, as compared to regular lattices. Moreneswits can be expected
in the future, as both the analytical framework that has lusseloped and the nu-
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merical techniques employed can be easily generalizeddbvdéh different RD
processes.

However, all the results and derivations presented so fagspond to &rmionic
version of the RD dynamics, which suffers from two conceptlrawbacks: first,
there is no systematic framework for the description of Kimgel of processes, and
both numerical models and theoretical approximation®(thh heterogeneous MF
theory) must be considered on a case by cases basis; and sebde it is relatively
easy to deal with RD processes with reactions of order 2 ivg at most two
particles), it becomes more problematic to implement ieastamong three or more
particles. Some attempts have been made in this directmrexample, in Ref. [59]
the three-species proceast B+ C — 0 was considered. However, to implement
it within a fermionic formalism, the authors of [59] had tonsider the presence
of “intermediate” particles, produced by the reaction obtef the species, that
afterwards can react with the third species to produce arabatnihilation event.

These type of multi-body interactions can be easily acemifdgr in a more gen-
eralbosonicversion of the dynamics, in which more than one particle dosvad
to occupy a single vertex simultaneously. In this framewoeéactions take place
inside the vertices, with no restrictions regarding thedtes, and the interaction be-
tween vertices is mediated exclusively by diffusion. Whiveng preliminary inter-
esting work has been done in this direction [60, 61, 62], tiieobssibilities that the
bosonic approach offers to the investigation of RD processmain to be explored.
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